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4n epdoudda: Evpecon k-oorou MikooTepou 2 Toixeiou,
Master Theorem, Texvikti Greedy: Knapsack, Minimum
Spanning Tree, Shortest Paths

A1ddokovTec:
2. 7d0n¢ Zaxoc - Apnc TTayoupTlhc



EUpeon MikpoTepou-MeyaAUTepou

» XWplioe ge 2 uttoakoAouBieg
* Bpec peyaAUTepo Kal HIKPOTEPO
+ 2.UYKpIVE HEYaAUTEPA Kal HIKPOTEPA
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EUpeon A-ooTtoU MikpOTEPOU

procedure Selection (p, q, k);
begin
while p<q do
begin
choose t from [p..q]; partition (p, q, t);
if k<t then q:=t—1 else begin p:=t; k:=k—p+1 end
end
end

[ToAumtAokornra: O(nF°) xeiporepn, O(n) péon



BeATiwon TToAuttAokoTnTac

* Mg emiAoyh katdAAnAou onpeiou partition
+ Xwpiopdc¢ os n/5 akoAouBiec 5 oToixeiwyv

+ Tacivéunon badwv kai oxnuartiopoc M
amnéd Ta peoaia oroixeia: O(n)

» EUpeon Tou peaaiou m tng M: T(n/5)

+ TouAdxioTov 5 oToiXeia ueyaAUTepa Tou m
Kdl + OTOIXEid HIKPOTEPA TOU M



H péBGodoc axnuaTika



TToAutAokoTnTa BeATiwong

] d ,yan<i |
T{n) _{ TE)Y+T(E)+en ,yon>i }—O(n)

Osdhpnue 6.8.1. Ay toyver éut T(1) = d xat T(n) = T{an) + T(bn) + ¢cn
ue a+b < 1 tdre n ouvdptnon T'(n) elvar yoauuwxy, toyver SnAadh ot
T(n) = 0(n).



To Kupio Ocwpnpa
(Master Theorem)

Oedhpnua 6.9.1. Master Theorem Fotw a > xat b > 1 otafepée, f(n)
uta ouvdptnon, xat np T(n) oplletar otous un apypuixode axcealous arnd tny
avadpoul

T(n) = aT(n/b) + f(n)

(to n/b onualver elte |nfb| elte [nfbl). Téte n T(n) unopel va gpeayrel
AOVURTOTIXE WS EENC:

o T(n) =0(f(n), av f(n) = Q(n'€ %) yia xdroia otalbepd € > 0,xai
av af(n/b) < c¢f(n) yia xdroia otafepd ¢ > 1 xar dAa ta apxetd
ueYdAa n

o T(n) = ©(f(n)logen), av f(n) = ©(n'**)

e T(n)=0(n'%*), av f(n) = O(n'®* ) yia xdnota otafcped € > 0



H Texvikh Greedy (ATAnoTh)

function Greedy (a:set of elements) : solution;
var
x:item;
begin
solution:=empty;
for all elements of a do
begin
(x yofon twy xavévwy Bedtiotorolnons x)
x:=0OptSelectRemove(a);
(x Edeyyoc av mAnpolvtal ot meploptouol )
if feasible(solution+{z}) then solution:=solution+{z}
(x n Abon ucyaddyvetr xar eynUEpOYETAL N AYTIXELUEYLXY ouvdpTnon * )
end;
greedy:=solution
End



TTpopAnua 2akidiov (Knapsack)

- Eigodoc: oakidio xwpnTtikoTnTAdc M Kai n
"ouvexR” avTikeigeva pdpoug w, kai agiag p;
- ATtodeKTA AUon: kaBopiopdg KAdopaTog X;yia
KABe avTIKEIHEVO WOTE vd XWpAVeE OTO
oakiolo.

+ 270X0C: HeyIaoTOTTOINON TNC aliag Twv
AVTIKEIHEVWY TTOU HTTAKAV 0TO 0dKidlo.




ATtAnoToc AAyop1Opuoc via To
TTpoPpAnua 2akidiou

+ Av To dBpoiopa 0Awv Twv papwyv eivai
HIkpOTEPO attdo M, Béoe x:=1 via dAaq.

+ AMIWCG, 01dTpeC e TA avTIKEigeva KaATd
pBivouoa ocipd p/w;, TaipvovTag Tn
Huéyiotn duUvaTh TToooTNTA.

» TToAumtAokoéTnTa: O(h logn)



> uvdeTIKO Aévdpo EAaxioTou KdoToug
(Minimum Cost Spanning Tree)




AUo pébodol

» Kpitnpio Prim: emiAoyri mAsupdc eAaxiorou
KOOTOUC WOTE O UTToypdpos Va TTapalEVeEr
OEVTOO

+ Kpitnpio Kruskal: emidoyri mAsypdc
EAAXIOTOU KOOTOUC WOTE 0 UTToypdyoc va
TTapalével AkUKAIKOC




ATtAnoToc AAyopiBuoc pe Kpitapio Prim

procedure Prim (E: set of edges;
cost: array[l..n,1..n] of real,
var tree: array|[l..n—1] of edges;
var mincost : real);

var DistFromTree:array[l..n] of real;

Edge:array[1..n] of edges; i,j,k,| : integer;

(x To DistFromTree[i] ncptéyet to eddyioto and ta x6otn TwY TALUEWY
mov ouv8gouy Tov x0ufBo 1 ue To UEYpl OTIYUNC XATAOXEVAOUEYO
ouvdetixd 8évipo xat to Edgeli] neptéyet tny mAevpd ue autd
T0 X60TOS *)

begin

tree[1]:=(k,1); mincost:=cost[k,l]; (* (k,{)= edge with minimum cost *)

for i:=1 to n do

begin DistFromTree|i]:=min{cost[k,i],cost[l,i]); update Edge[i] end;

for i:=2 ton—1 do

begin

select j such that DistFromTree[j] is minimum but<>0;
treeli]:=Edgelj]; mincost:=mincost+DistFromTree[j];
DistFromTree[j|:=0;
for k:=1 to n do begin update DistFromTree[k]|; update Edge[k] end
end
end



TTapadeiyua (pe Prim)




ATtAnoToc AAyopiBuoc
ue Kpitnpto Kruskal

procedure Kruskal (...);
(xBewpel axuéc talivounuéves xatd Bdpog, apxel duws va elvar oc heapx)
begin
forest:=empty;
while |forest| < n—1 do
begin
select Min_Cost edge (u,w) and delete it from E;
if (u,w) does not create a cycle in forest then
add it to forest
else discard it
end
end






TToAuTtAokOTNTA - BeATIOTOTNTA

. Eotw n=|V|, e=|E|
* Prim: O(n?)
» Kruskal: O(e logn)
* 2. UVEKTIKOI ypdyol:
n-1<= e <= n(n-1)/2
+ O aAyopiBuoc Kruskal kaAUTepocg o¢
apaioU¢ (dense) ypdgouc
+ Ocwpnpua: o Kruskal diver pEATIOTN AUon



OpBdTtnTa Kruskal

Osoenua 8.4.1. H Adon rov dlver o adydpibuoc tov Kruskal oto npdBAnua
Tou ouydeTixol 8évtpou elvar n BéAtioTy.

Arédeiln. 'Eotw ay,as, ..., a, oL axUEG ot aUiouaa oewpd Bdpoug ato 8EvTpo
K, o onolo mpoxinter and tov aiydpibuo tou Kruskal TFEotw b1,0q,...,06,
oL axuéc og avlouoa aegpd Bdpouc oto dEvipo T’ 1o omolo elvan 1o BEAToTO
cLVOETLXO dEvTpo eAayiatol xbatous. Eotw 41 1o dvo dévtpa dev Tautilo-
vtaL, dnAady, OTL undpyel ¢ yia to onolo a; # b;. 'Eotw &k to eAdyroto t€Tolo
7, SNAadN:

ar F bi
Iepintwon 1: To xdct0¢ TS ap elvar yeyailtepo and 10 x6aTog NS by.
Tote oto k—ootéd BAua o arydpibuog fa tpotiuolos Ty TAsupd by and v
TAEUPA a, SLOTL, Aoy to ueypL oTtyurc devipo elvan To Bro dev oynuatileTon
xUxA0g oUte Ue 10 b;. ‘Atomo.

{Gj = bj,Vj‘ik



OpBoTnTa Kruskal (ouv.)




OpBoTnTa Kruskal (ouv.)

Heplntwon 2: To xdotog g ay stvar updtepo 1) (oo and 1o x60Tog NG
br. Xtny meplntwon auth npocbstouue oto devipo T Ny axun ai ». £T0L
oynuotileton evag xUxhog. O xUxhog autdg npénet va Tepleyer U axuy, by ue
[ > k 1 onola dev avhxel oto devtpo K, ahhdg 0 xUxhog Ha unfpye ato dEvtpo
K. Elvay @avepd 0T 10 x6010¢ TN¢ b elvan ueyaidtepo A loo and 1o x6610¢ g
ajp, OLOTL 0 aAyodpbuog Kruskal npotiunce tny ai and tny b;. Ay agoarpecouue
and 1o T (BAéne oyfua 8.4) tny b téte npoxintel éva dEvTpo e XpdTERO
| loo Bdpog and to ehdyroto. Av 10 Bdpog elvar uxpdtepo £youns xaTaARCEL
oe dtono. Av elvan loo 1ote emavaraufBdvouue tny (o Swadixacla eyovrtag
TOpa Eva BEATLOTO d€VTRO YLa TO omolo To k elvan ueyailtepo. Metd and €vay
aptBud emavaifewy | xatarfyouue oe dtono, 1) ta dévtpa ToutiCovtal. O



TTpopAnua 2uvrtopdTepwyv MovomaTiwy
(Single Source Shortest Paths)




M&Bodog Dijkstra

procedure Dijkstra;
begin (x Apytxonolnon x)
S ={1};
for i:=2 to n do begin D[i]:=cost[1,i]; P[i]:=1 end;
for i:=2 to n—1 do
begin
Select w from V — S such that D[w] is minimum;
S =8+ {wh
forallvin V — S do
begin
if D[v] > D[|w] + C|w,v]| then
begin
Plv] := w; D[v] := Dw]| + Clw,v]
end
end
end
end



TTapadeiyua Epappoyng Dijkstra

D P

B S w2 [3]4[5][6][2[3][4[5]6

- {1} - 10 |0 (30 |oc 10T |1 |1 (1|1

2 1,2} 2 60 | 30 | oo | 10 2

3 126} |6 60 | 30 | 80 6

4 (1264} |4 50 80 4

5 | {12643} |3 60 3

6 | {126,435} 5




AAyop1Buoc Bellman-Ford

Exteheltan o |[V| — 1 otddia.

210 atddo ¢ evnuepdveton xdfe xéuBog v (nou Beloxetaw oe andotaoy
70 TOAU § AV and Tov apyxd) UE TO CUVTOUOTERO UOVOTATL and ToV §
OTOV U TIOU EYEL TO TOAU £ OXUEC.

Auté emtuyydvetan pe extéheon, yia xdfe axyur (w,v) € E g eviolhc:

if D[v] > D[w| + Clw,v] then

begin

Plv] := w;

D(v] := D|w] + Cl|w,v]
end

Holumhoxétnta: O(|V]|E|)

Hapathpnon: dev doulelel av undpyouy xUxiot apyntixol Bdeouc. (Mno-
cel buwe va toug evtonilel we xatdAAnin tpononolnon.)



TTpopAnpa Méviotne Ponic
(max flow)

Aobévtog yedpou ue Bden nou aviinpocwrebouy ywpentixotntes (network)
xoiL Vo xOUPwy s, t, Intelton va dpoporoynlel 6oo 1o duvatdy peyarltepn

coY, and Tov $ 6ToV L.



AAyop1Buo¢ Ford-Fulkerson

Enhoyy, povonatiol and tov s otov t. Apouordynon po¥c long ue v
EAAYLOTY) Y WENTUXOTNTA aXUNS OTO LOVOTATL.

Ernavéindn e dwdixaciag oto evanoueivay dixtuo (residual network)

OOTOU VA UMV UTEEYEL TAEOV [LOVOTATL and Tov § oToV ¢.

Oporoyla: Ta povondtia mou yenousonotel o ahydplluog Aéyovtal GuVTH-
Bwe povordtia enadénone (augmenting paths).

IHoAumhoxdtnta: O(|f*||E]), f* n wéyiot por.

Bedudoeic: Ady6pifuoc Edmonds-Karp O(|V ||E|?) (shortest paths), o\-
véebuoc Goldberg O(|V|2|E|) xou O(|V|?) (preflow-push).



Ocwpnpa Max Flow - Min Cut

H péyiotn pon 1coUTal e Thv €AdX10TNG
XxwpnTikoTNTAac Topn (oUvoAo akpwy) Trou
diaxwpilel Tov KOupo s amod Tov koupo t.
O aAyopiBuoc Ford-Fulkerson smituyxavel
Th HEYIOTH POA.



