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1 Baowoi Ogiopoti

AvonoOnTird, yodpnuo eivor otdnmote umoel va avamoagootadel (“Coyoopotel”) ne onueto
(OQUYES) %ol YOOUUES (ORUES - ROTEVOUVOREVES 1) U1) NETAED TV ONUEImV.

Tumnd, €vo un-xatevbvvouevo yodenua (| yodeog, undirected graph) G eivouw €vo duate-
tayuévo Cevyog G = (V, E), dmov V. = {vy,...v,} elvow T0 0GVOAO TwV XOQUYEV TOV %ot
E = {e1,...,en} elvar 10 ovvolo twv axpdv tov. Kabe axpq eivon éva diuehéc ovvoho xo-
ovedv, e = {v1,va}, oL amapalTa SLaPoQETIRMY NETAED TOVS. 210l X2aTEVOVVAUEVA YQOPIUATOL
(directed graphs), xd0e axun eivan Evo SLoteTayuévo Levyog nopuepdv, e = (v1, ve). To peyéom mov
yapoxteiCovy éva yodonua G(V, E) gival o auOuds tmv oQuepdv tov, ouvifms cupBoAiletol
ue n 1 |V, xal o a@pds tov axudv tov, cuviibws cuuBoAiletol ue m 1 |E|.

H (un-xatevbuvéuevn) axpnq e = {v1,v9} Mne 6tL GUVOEEL TIC ROQUYES V1 ROL V2, OL OTOLES
ovopdovran xow dxoa g, H watevbuvopevn axpi e = (v1, v2) Aéue Gt GUVOEEL TNV ROQUPY| V1
ue mv v2. H v; ovopdCetan ovpd (1] 00xn) ™S oxuwiic e %o 1 v2 ovoudfeton xeporn (1 T€hog)
™G e. AVo ®OQUEES TOV GUVIEOVTOL e oY ovordlovion yertovixés. Mia axpn mov o dvo dxroa
™ TowtiCovrar (1 M ey ™S TowTiCeTan e 1o TEAOS TS OV elvall ®oTeVBVVOREVN) OVORACeEToL
avaxvxhoon (17 Bedyxos, loop). Avo axués pe xowd dxoa (| ®owi apyn xou TEAOS av eivol
rOTEVOUVONEVES) OvopdlovTan TapdlAnies.

"Eva yodonuo ovoudtetol amdd dtav Oev €xel TOQAMNAES AXRUES ROl AVAXVAADOELS. ZT0 €ENG,
Ba Bempove TAvVTA OAG YOOLPRIOTOL (EXTOS oV oapadg dNAMVETOL ®ATL dLapoeTInd). Edixdtepa,
e TOV 0Q0 YOdpNuo o avopeQOuaoTe 0 €vo amAd, un-xatevbvvduevo yodenua. Emiong, 6o
avopeQBoUIE MOVO O€ TETEQAOUEVA YQUPILATO. TTOV 0QILOVTUL OE TETEQUOUE VO OUVOADL XOQUPMV.

To ovumlnowuarixg evée yoopinatos G(V, E), cuvibug ovupoliCetar pe G, eival éva yod-
nue 0to dto ovvoro ®oQUEWV V mov meQIAAUPAVEL PLOL ORI OV RO POVO OV CLuTH OEV OVIXEL OTO
E. "Evo yodgmuo ovopdfetan #Aixa (§ mAjpeg yodpnua) av xdfe Cevydol oQuepdV Tov GUVOEETOL

ne oxpny. H #hixa n xopupdv cvufohletal pe Ky, xow €xer oaxoupag @

oxpés. "Eva ovvoro
ROQUPAV YWEIG xauict oxuy HETAED Tovg ovoudletal ovvolo aveEagtnoias. Zuvem®s, TO CUUTAN-
omUaTIRG Yodgnuo wag ®hixag eival €va ovvoro aveEaptnoiog (0to (8Lo GUVoLo ROQUEYMOV).

"Eva yodgmua ovopdletol dune€s (1 duxotouiowpo, bipartite) ov oL x0QUEES Tov UmoQovv va
YXWELOTOVV 0¢ dV¥o ovvola aveEaptnotas. Mmopel va amodelyOel ot €va yodpnua elvol OLUEQES oy
dev €yl ninhovg mepLttov uijxovs. "Eva duuepés yodpnua ovoudletol mAjoes av ndoe xogupy oto
gva n€pog (ouvoho aveEapmoiag) ovvdéetou ie ®dbe xooupn oto dAho néog. To mApeg duueQEs
YOOAPNUOL LE 7 HOQUPES OTO EVOL EQOS KO 11 HOQUPES 0TO AANO NEQOG CUIPBOATETON e Ky, 1y O
EXEL M - T ARUEC.



Aoxnon 1. Tlowog eival o uéyotog aQBUGS arP®Y OV UTOQEL VO TEQLEXEL Eval ATAG OUUEQES
vodgnua pe n xoQuegs; Toodivaua, vo deiete GTL ®dbe amhd YOAQENUA UE N ROQUPES RO TEQLO-
06TeQES o n? /4 opéc Sev elvan dipnepéc.

Avon. O néytotog aLBpds axpdv cupfoivel dtov €xovue To TAEES OLUEQES Yodpnuo. Aol Gheg
OL XOQUPEC elval m, av To €vao GUVOAO oQUPMV TEQLEXEL k ®OQUYES, To devtepo Oo meQLEYEL
(n — k). O ouvolrdg apLBuds oxudv tov Ky, elvon k(n — k). To ywduevo peyiotomoteito yio
k =mn/2 av 1o n eivow dotiog xaw ywo k = (n—1)/2 av 1o n eivol teourrds. Zuvemds, oV To 1 eival
doTog, 0 UEYLOTOS OELONSS oy elvar n2 /4, evd av To 1 elvou TEQUTSE, O UEYLOTOS OOLONGS
v eivar (n? — 1) /4. Tlapomoeiote 6T oL avtioToLyol OOl eivor TEvVToL oxEQatoL. ad

“Eva yodgmua G'(V', E') amotelel voyodgnua (subgraph) tov G(V, E) étav V! C V naw
E' C E. To vroypdgnua G'(V', E") ovopudZetan emxalintov (spanning) étav V' =V (dnhadi,
TEQLEYEL / ROMUTTEL OAES TIG ROQUPES TOV COYLHOU YOOPNUOTOS), %ol emayduevo (induced) pe
ovvoro xopupdv V' Stav E' = {(u,v) € E : u,v € V'} (dnhadi mepLéxel Ghec g axpés Tou
Y10V YOUPHIATog UETAED TV %k0QupdV Tov V).

Mo axorovBia “ouvveyduevov” axpwv ovoudieton diadgourj (walk). Anhadi, diadgoun eivo
wor axohovbict axpdv (eq, . .., ex) 6mov yio vdbe i, 1 < i < k — 1, 10 €va dxgo (to T€h0g yiaL
ROTEVOUVOUEVOL YQOPNUOTAL) TNG CXUNS €; CUUTITTTEL PE TO A0 dxQO (TNV aQ)1) TNS OXUNG €;41.
O 0Buds TV axpudv oty dtadoowy ovopdetal urxos g dadgouns. Mia diadoour ovopdieTon
uovoxovovlid (trail) 6tav GAeg oL axpég g elvan dLaoQeTréSg o ovoudteton uovomrdrt (path)
Otav OAES OL OQUPES amd TIS ooieg JLEQYETAL (VoL OLAPOQETIRES. MEQIKES POQES, YONOLUOTOLE (-
Tl 0 600G WOVOTATL Yo T UWOVOXOVOUALA (Stadoopt] SLOPOQETIRMDV OXUDV) ROl OTTAS POVOTTATL
(simple path) yio ™ drodoour| pe dLopoQETIRES ROQUPES (RO OO ARNES).

Mio dtadpoun x0QoxTNEICETOL OOV #AELOTI] OTAV 1) LYY KO 1) TEMXT TS XOQUYT] CUIITITTTOUV.
Mo xhewoty dwadoou ovoudletan xixdog (cycle § xixdwua, circuit) dtov Oleg oL axpeS ™S
glvou dLapoETIRES, %o ovopdleton amAds »vxdog (simple cycle) 6tav Gleg oL XOQUYES TG elvou
dropopetinés. Me dhha Aoyia, o ®9xhog (1 ®Uxhmuct) elvor pio ®AeloTr HovoxovouMd ®o 0 amhig
®UrAOGS elvou €vo #AELOTO NOVOTIATL.

H axdoraon D(u,v) peta&i 890 »0Quepdv 4, v €VOL TO PHROE TOV CUVTOUMDTEQOV HOVOTOTLOY
ueta& tovg. H dudueroog D(G) evis yoagpiuatos G(V, E) eivor i uéylotn aréotaon peta&y dvo
%0V 0to G, D(G) = maxy, yev{D(u,v)}.

Aoxnon 2. Na amodeiEete 61 ®dbe yodenuo mepléyel nion diadgou amd wol ®oQUPY © GE L0
ROQUPY W OV KOl UGVO OV TTEQLEYEL €VOL LOVOTTATL OT6 TN U 0T W.

Avon. H pia xatevBuvon givon mpogpaviic, yiatt xdfe povomdrt eivar €€ opiopoy dradpouy. T
™MV avtiotpogn ®atevbuvon, mtapatneovie Tl av 1 dodooun UETAED u ®oL w OEV OVTLOTOLYEL O
LOVOTTATL, TOTE OUTI] TTOEMEL VO TEQLEYEL OQUPES TOV emavalapfdvovtol. ‘Oumg, 10 TUNUO TS
dradoopric avdpeoa og dU0 JLAPOQETIHES eppavioels TS (OLag xopupng elvar €vag xixhog (OyL
21OT OVAYRY OTTAGS). AQALOMDVTOS GAOVS AUTOUS TOUG ®KURAOUG, ROTOAMYOVUE O€ EVaL LOVOTATL OTT0
™ u ot w. Mg amoliTtmg TaQSUoLo TEOTO UToQoUie Vo amodeiEovie OTL Eva YOAgNUO. TTEQLEYEL
wio #herot dradgoun (N Evav ®xAo) av ®row HOVO AV TEQLEYEL EVOV OTAG RURAO. a

Aoxnon 3. Noa amodeiEete otL dbe ®inhog TeQLEYEL EVaV ATAS ®U%AO RO OTL ®AOE LovorovOLMA
TEQLEYEL EVOL OTTAG LOVOTTATL.



“Eva (un-»otevBuvépevo) yodpnua eivon ovvextixd (1 ouvdeduevo, 1) ouvdedenévo, connected)
Otav VIdEYEL LOVOmdTL avaueoa og ®d0e Cevydol xoQupdv. Anhadij, 0g Vol GUVERTIXG YOApNIOL
UITOQOVUE VO UETAPOVUE OIS OTOLAONITOTE ROQUPY] O€ OTOLOONTOTE AAAN AROAOVODVTOC TIC ORUES

TOV YO UOTOC.

Yuvertirés Luviotdoeg. Aiveton éva (un-xatevbuvépevo) yodgnua G(V, E). @ewpd ™ dpehn
oyéon g CV x V tétoia dote (u,v) € Xg avv urdeyel HOVOTATL omd T u ot v.

H oyéon X elvow oyéon wodvvauiag yiati ivan avaxhaotxy (Vu € V, (u,u) € Xg - yo
%0 x0QUPT VITAQYEL EVAL TETQLUUEVO OVOTIATL TTQOG TOV EQVTO TS UE UNOEVIRG UHROS), CURUETOLHN
Vu,v € V,(u,v) € Yo = (v,u) € X - 10 yodgnua, €lvar un XoTeVOVVOUEVO ROl CUVETHS OV
UTTAQYEL LOVOTTATL OIS TN % 0T v, B0 VTAQYEL ROL POVOTATL OIS T ¥ OTN ), ROL UETOPATIAN
Vu,v,w € V, (u,w) € X not (w,v) € Yo = (u,v) € X - uetafaivovpe ams m u Ot w %ot
amd exel 0T v AROAOVOMVTOS TOL AVTIOTOLYOL LOVOTIATLAL).

H oxéon Xg xwo(Cel g #0QuEES Tov yoagnuatog e ®*AAoELS LOOSUVOIIES (TTOU aVTLOTOL{OUY
ot neytototixd (maximal) ouvextird vroygagnuata Tov G) Tov ovoudtovion OVVeXTIXEG uvL-
otwoes (connected components). KdBe ouvextivy] ouviotdoa eivol €vo ouverTiks yoAgnua, evad
dev VLY el NOVOTIATL LETOEY ROQUEPMDY TTOV OLVIIXOVV O€ OLOPOQETIXES CUVEXTIXES CUVIOTWOES. €
TOAES HATNYOQUES OLOXNOEWY, RADE OUVERTIXY OUVIOTMOC UTOQEL VO AVILUETWILOTEL OV aveEdQ-

NTO YOAPNUCL. O

"Eva xotevbuvopevo yodgnua elvor ovvextixd otav Yo ®doe Tevydol xopuewy tov u,v € V,
VLAY EL LOVOTATL (TTOV OEPETAL TLS ROTEVOUVOELS TV OXUMDV) €(TE At ™) © OTN v €T AN T v
ot u. "Eva xotevBuvipevo yodgnuo eivol ioyved ovvextixd (strongly connected) dtav yio wdbe
CevydoL ®0QUP®V ToV 4, v € V, vmdoyouv povomdito (Tov o€Poviol TG XATEVOUVOELS TWV ARUDV)
%Ol OTT6 TN ¥ OTN ¥ ®OL Ao ™) v ot u. Ioodvvana, oe €va Loyved CUVEXRTIXG YOdgpnud, ®AOe
CevydoL oQUYdV Boloxetal 08 2oTeEVBUVEUEVO RURNO.

T va givow 1 X oxéon 1ooduvvaplog ota atevBuVOpeVa YOopiIoToL, TEETEL VoL EE0TQai-
Cetouw n ovppetowrny WLGTNTOL (dEV LoYUEL TAEOV CUTOVONTA YLOTL OL OXUES EIVOL ROTEVOUVOUEVES).
Avté ovuaivel av ogloovpe ™ Xg oav Xg CV x Vi (u,v) € Xg avv vdoyel ®otevBuvouevo
UOVOTTATL %Ol OUTO T % 0T ¥ %o amd ™ v o u. OL xhdoelg wodvvauiog mov opitovior omd
™ ox€on X o€ ROTEVOUVOREVO YOAPLOTOL OVOUALOVTOL (OYVOd OVVEXTIXEG oVVIoTWOES (strongly
connected components) %L AVTLOTOLYOUV OTO UEYLOTOTLHA. LOYXVQA GUVEXTLXG VITOYQOPTUALTOL TOV
G.

IMopamoeotpe emions 6Tt 0 0ELBUGS TOV (LOYVEA) CUVEXTIXDV OUVIOTWOMY eV UTOQEL Vo [e-
yaAdoeL av mpooBEcovpe VEES axIES OTO YOAENUA 0oy 1 TEOCHN®Y VEMV axpuv OeV Uoel va
OPOULQETEL OIS TO YOAPNUOL RATOLO NOVOTATL TTOU 101 VITHOXE.

Aoxnon 4. No amodeiEete 6T Eva YOApNUoL EIVOL GUVERTIZG OVV YLoL RABE SLOLUEQLON TWV ROQUPHV
TOv 0¢ VO VITOGUVOALL VITAEYEL TTAVTAL o] UETOED TV dVO VTOGUVAAWV.

Avon. Av to yodgnuo eival cuvextixd, Bo TEEMEL VoL VITAQYEL oxUy TTOV Bl eMITEETEL TN “UETA-
Boaon” amd to €va ovvoho oto dhho. I'a To avtiotoogo, Sextvaue o wiok omoLodTOTE ROQUYY],
ETEXTELVOILALOTE TOVS YELTOVOUS TNG, OTOVS YELTOVOUS TV YELTOVWYV TS, ®ox. H 1di6tnTa mov vmobé-
oape eEaopaller 6Tt avt 1 dradikacion dev Ba TEAELDOEL TOLV EMOREPOOUNE CAES TLG ROQUEPES



Tov yoapruatog. H ovyxexoiuévn dtaduxaoia givor po toporhoyny tov Avatrimmong Kard ITAdtog
(Breadth First Search). a

Aoxnon 5. Na amodeiEete 0Tl T0 CUUTANQWUATIRG RAOE U OVVERTIXOU YQOUPIUATOS (VAL CUVE-
2Tro (xou pdMota €xel SLAUETQO TO TOAD 2).

Avon. “Eotw un ovvertixs yodgnuo G(V, E) xouw £0tm u, w 360 omoleadfmote xopuees tov G. Oa
delEw 6T oo cvpTAnEmpATIXG Yodgnua Tov G, éotw G, vrdoyel povomdn petall TmV u ®o w.
Aot 10 G elvar in ouvextixgd, Bo amoTeLETOL ATG TEQLOOGTEQES TNG WICLS CUVERTIXES GUVIOTWOES.
Avaxiv TIg arGAOVOES TEQLITDOELS.

Heoimtwon 1. OL ®OQUYPES U KL W OVAXOUV O€ JLAPOQETIXY] OUVEXTLXY CuVIoT®oa Tov G. Tdte n
axp {u, w} dev vdyel oto yodgnuo G (aAMds oL 3o xoUPES Ba firav oty dlo cuverTr
owviotdoa). Emopévac, n oenni {u, w} vrdoyet oto ovpminompomxd yodgnuo G %a 1 améotoon
TV u, v etvan 1.

Heoimrwon 2. OL ®OQUPES U ®OL W OVAXOVV OTNV (Bl CUVERTIXT] cuvioTdoa Tov G. "Eotw ®opuen
U OV OVHXEL OF OLOPOQETLXY] CUVEXTLXY CUVIOTMON OO OWUTH TTOU OVIXOUV Ol u ol w (€0
XONOLUOTTOLM TNV VIGOE0N Yiat T Ui ouverTtkdTTo Tov (). ‘Omwg xow oty [epimtwon 1, oL axpég
{u, v} zon {v, w} dev vdoyovv oT0 G, %Al EMOUEVWS VTEQKOVY OTO CUPTANQWUOTAS Yodgnuo. G.
SUVETHC, 0TO CUUTANEMUATIRG YOApNUOL G, OL ROQUPES U RO W OUVIEOVTOL HEGW TOV LOVOTATION
u v w. H amdotaon twv u, v eivon 2. ad

2 BaBuos Kogugiig

e éva un-»otevBuvopevo yodgnua, o fabuds (degree) pLag xoQueiis v, Tov cuufolTetan ue d(v),
elval 0 0QLOUGS TV OXUDV TOV EQPATTOVTOL OTN v. Z€ £VO ROTEVOVVOUEVO YOAPNUA, dLoxQIVOUNLE
10 fabud eioédov (in-degree) g v, mov ovuPoAiletan pe din (v) xow glvar 0 aQLOUGS TOV XUV
oV xaroMiyowv ot v, xou 1o fabud eEddov (out-degree) g v, wov cuufohiCeton pe doyt(v) ®ow
givol 0 aQLOUGS TV axrpdv Tov Eextvotv amd ™ v.

O eldyotos Pabuds §(G) evog yoagpiuorog G(V, E) eivar o wuxpdtepog Babuds xdmolog
#0QUTiC Tov, 0(G) = minyey{d(v)}. O uéyorog fabuds A(G) evig yoapiuatos G(V, E) eivou
0 peyohitepog Pabuds xdmolas xoueris Tov, A(G) = maxyey{d(v)}.

e ®dBe pun-rorevbuvopevo yodenua, tTo dBgolouo Tou Babuot GAwv Twv ®oQUE®V gival dt-
TAGOL0 TOV aEBPOY TV opadv: Y, 1 d(v) = 2|E|. O Aéyog elvar 6t #dOe axpn ouvelopéget 1
070 fabus Twv dvo dxrowv TS A VT TV LOGTNTA TEORVTTEL GTL O AOLONGS TWV KOQUPDV UE
meQLTTO PaBud oe €va yodonua eival doTog.

e ndBe narevBuvduevo yodgnua, To dBgolopa Tou BaBuot L0600V CAMV TOV ROQUPMV Ei-
vau (oo pe 1o dBgotopa ov Pabpot EGdov %o (00 pe ToV aLONS TwV orpdv: Y, oy din(v) =
Y ver dous (V) = |E|. O Méyog elvou 6t »dBe axj ouvelopéget 1 oto Babus e106dov Tov Téhovg
™ ot 1 oto fabud eEGd0v g apyfs ™.

Hopdderypa 1. Yrdoyel yodonuo pe 9 nooupés mov GAeg €xovv Badud 3'H artdvINom elvol oyt
yati éva Tétolo yodgnuo Oa émpeme vo €xeL 3 x 9 = 27/2 = 13.5 anuéc. ad

L “Eva yodgnuo 1ov omoiov GAeg oL ®OQUES EXOVV TOV (D10 BoBUG ovopdtetan xavovixd (regular). ‘Otoy o Padude
SAOV TV ®OQUEAV elval k, 10 yodgnuo. ovoudietor k-xavovird. ‘Otov o foduds SAwv twv ®oQuedy ival 3, to
yodnua. ovoudLetan xvPixd (cubic). "Evag k-rovovirdg yodpog megiéxet kn/2 axpgs.



Aoxnon 6. No omodeiEete 1L dev umwoel vo vtdeEet amhd yodgnuo pe (o) 6 xoQUEES ue Babud
2,3,3, 4,4, nou 5 avtiotowa, (B) 5 ®ooupés ue pabud 2, 3, 4, 4, xow S aviiotorya, (Y) 4 ®0QupEg
ue fabuo 1, 3, 3, xou 3 aviiotoya, (8) 7 ®oQueés e Pabud 1, 3, 3, 4, 5, 6 xaw 6 aviiotouya.

Avon. (o) To dBgowoua Twv Babumv eivar meourrog. (B) O puéywotog Pabuds eivor (cog pe tov
0QBUS TV xoUEAV. (Y) Ko ot 1pelg ®xoQupés Babuov 3 mpémel v cuvdEovTal oTnV TETAQTY TOV
gxel fadud 1. () Ou dvo »ropuYEs PaBuov 6 mEEMEL Vo CUVIEOVTOL O GAES TLS HOQUEPEGS, GO0l KAlL
oe avti pe fadud 1. ad

Aoxnon 7. "Eotm anhé un-zarevbuvépevo yodgnuo G(V, E) oto omoio to dOgotoua twv Bobudy
#Be Cevyous xoQupaV givar peyoliteo 1j (oo tov n—1 (n = |V|). Na amodeiEete 6t to yodgnuo
G givan ouvertird (now pdhoto €xer duduetoo 1o oAb 2). To idro woyvel o av 6(G) > ”T_l

Avon. "Eotw u, v 890 owBaipeTa eMAEYUEVES XOQUPES TTOV deV CUVIEOVTOL e axpn (atv ouVOEovToLL
UE OXUY, TQOWAVHS VITAQYEL LOVOTIATL HETOEY TOVG %o 1 amdotaor] Tovg eivon 1). Oa deiEovue
Ot VITAEYEL LOVOTIATL UETAED TV U %ol ¥ ATOEMVUIOVTAS OTL T0 G EIVOLL GUVERTIXG.

"Eotw I'(u) »ow I'(v) 100 0UVOAOL TWV XOQUQMV OV EIVOL YELTOVIXES UE TS U AL U AVTIOTOLYOL.
An6 vroBeon v, u & I'(uw) U ' (v). Oa deiCovpe 6t I'(u) N I(v) # 0, dnhadij 6t oL u %o v €xovy
€va, xowo yeltova. Emouévmg, vadoyel wovormdtt ujxovg 2 netai tovs.

IModyuaty, av I'(uw) NI'(v) = 0, Ba eltyaue | I(uw)| + |I'(v)| = d(u) +d(v) > n— 1. Avtd eivon
dromo emeldf v, u € I'(u) U I'(v) »ouw GAES OL ROQUYES TOV YQAUPHUATOS EIVOL 7. a

Aoxnon 8. Na deiEete 611 200 TS UN-2ATEVBVVOUEVO YOAPNIUOL LE 1 ROQUPES RO TTEQLOTCTEQES
1

and 5(n — 1)(n — 2) axpég elvar ouVexTAS.

Avon. "Eotw 6t vdyel TETolo yodpnua mov dev elval ouvextind. Oa amoteleltor amd TovldyL-
0TOV dU0 CUVERTIRES GUVIOTMOOES (XWEIS PAAPN TS YEVIXRGTNTOG, VTOOETOURE OTL OL CUVERTIXES TOU
owLoTwoes elvon axolpas dVo). ‘Eotw k, 1 < kK < n — 1, 0 0oBuds Tov ®0Quedv TS wiog ®ou

(n — k) 0 aoBuds tmv 2oQuepdv e dAns. H modtn Oa €xel to mohd @ oxUES naL M devten
TO TTOAV (n—k)(2+—k—1) oxpég. O ovvoMnos apLONds axudy eivor w To »hdopo avté

neytotomoeitan yio k = 1 xow k = n — 1 (H wndtegn xou 1 peyohitegn tuy tov k Tov oviloTot-
¥et o un ovvertird yodgnua. To avtiotoryo yodpnuo eivor uio xAixa pe n — 1 ®oQUEES ®al pio
amopnovorEvn xoQuery.) Ipoximtel Aowtdv ot 0 Yodgnua €xeL TO TOM % OXUES. Auto
QXETOL OF avtipoon e Ty VIGBEo 6L TO YOdgNua €XEL TEQLOOGTEQES Al & (n — 1)(n — 2)

OUEC. d

Aocxnon 9. "Eotw yodgnuo pe oxoupng dvo xopupéc meprttoy fabuov. Tote avtéc avirouvv otnv
Ol ovvexTx] ouviotdoa (1) LoodUvapa, VTAQyeL LOVOTATL HETAEY TOVS).

Avon. Av dvnrayv o€ SLOPOQETIAT CUVERTLXY CUVLOTMDOO, 00 EIXOUE WO OUVEXTIXY CUVLOTMOOO LE
utor oYY epLttov Pabuov, To omolo elval dromo. ad

3 Kvxiog Euler

Kvxhog Euler og €va yodgnuo elvan xdBe ®ixhog (6L amoaitnto amids) mov dLEQYETAL omd vdOe
oxp oxELPAS wio poed xal amd xdbe ®oQuEn TOUAdYLOTOV piot PoQd.



Ymagyet €vag moll ®oupos XaQarIELoUoS Twv yoopnudtwv mov €xovv xuxio Euler: "Eva
ovvextxo (Un-xarevBuvouevo) yodgnuo €xel #ixho Euler avv 6heg oL XOQUYES TOV YOOPUOTOS
gyouvv dotio Padud. Mdahota, €va ouvertind (un-ratevbuvopevo) yodgnua €xet ®vxho Euler avv
Ol OXULES TOV YOAPHUOLTOS UTOQOVV VOL XMOLOTOUV O€ £VaL GUVOLO EEVIIV HETAED TOVS ALTTAMDY RUXAWV.

TN va avaingBotpe diouwoOnuxd v wwoduvapio neta&l g vroptng xuxiov Euler xow g
amoTNoNS it deTLo BaBud Twv ®oQUEPAV, ag emLOTEEYouUE 0ToV 0pLopd. O ®uxioc Euler diépyetal
and ndbe oxpuy) axQLPdS pio oed xow amd xdbe xoguEN TovAdyLoToV wia poed. Emouévme, »abe
oQd OV 0 ®UXANOG EMLOKRETMTETAL U0t ®oQUPN (amd uiol oxpr) TV eyrotaAeimel amd pion dGAn
oxpn ®oL 0to TEAOS OAES OL aXUES €xovv xonolwomomOel axoIdg uia popd. Avté onuaivel 6t
%d0e noQupn TEEMEL vaL €xeL dETLO PaBRS (aQLPDS OWTAGOLO Ad TOV AELORG TWV POQWDYV TTOV TNV
emonépOnxe o xUxhog Euler). To aviiotpogo, umopet vo amodeiyel ue nodnuating exaywyn.

I va pridEete Aowrdv €va yodgmua we ®0xho Euler, moémel OAeg oL axpES Tov va €XouV dQTLO
Babud. Ia va grudEete €va yodonuo mwov dev €xel ®vxho Euler, aoxel ®Amoleg ®0QUYPES TOU Vo
gxouvv mepLttd Pabud. Opoimg, Yo va. amodelEete 6t €va yodgnua €xel ®Oixho Euler, apxel vo
amodeiEete 0Tl GAES TOV OL ®OQUPES €xouv dotio Pabud. I'ia va amodeiete dtL Eva yodgnuo dev
gxeL ®oxho Euler, apxel vo amodeiEete 6TL vAmOLES OQUEYES TOV EYOVV TTEQLTTO PaOUS.

Aoxnon 10. No omodeiEete 1L av €va yodgnuo €xer k& #oQueés e meoutto fabud (to k elvou
AQTIO AVOLYRAOTIRA), TO OUVOLO TV ORUMV TOV UTOQEL va. daueLotel oe k/2 novorovOuMes.

YrddeiEn: Yrdyet nio Mon pe pobnuatixn emoymnyn. Mio dgvtepn Aon eival va. “Cevyapidoovue”
TG ®OQUPES TeQLTTOU PaBov yonowomotdvios k/2 véeg anpués. Topo GAES OL OQUYPES EYXOUVV
doTio Pabud xal 1o yodgnua €xel #0xho Euler. A@olo®dvtag TS axpES Tov TeoobEoaue, 0 ®URAOS
“draondron” oe k/2 novorovOouhEc. 0

Aoxnon 11. TTowsg eivan o péyLotog aQLBUSS axpwy eVES AmAoU UN-*aTeVBUVOUEVOU YOOPTUOTOS
LE ™ XOQUYEC OV €xel ®Uxho Euler.

Avon. Av 1o n elval weuttdg, 1o n — 1 elvol deTio. Ze ot TV TEQimTwon, To TAES Yodenua K,
€xel v0xho Euler zou o néylotog aolouds axpdv eival @ (oipot o yodipnuar givor amAd). Av
70 1 €lvol dQTLOG, TO YOAPNUA GTTOV GAES OL OAXUES EXOVV BABUG 1 — 2 VITAQYEL, EIVAL CUVEXTING, KO
ovvenog €xeL xxho Euler (To yeyovog 6t €va t€Toto yodgnua vdoy el 0modexVUEToL TOIQVOVTaS
10 Ky, “TCevyapdvovtag” TG XOQUEES TOV, RO OPOLOMVTOS TNV o] Tov cuvdEeL ®dBe Cevydol
roQuep®V. To yeyovig 6T €va TETOLO YOAPNUAL VAL OUVEXTIXG TQORUNTEL OTG TNV TQOXVNTEL

and mv Aoxnon 7.) To yodgnuo avtd €yet n(n;Z) oxpéc. Kabe yodgnua pue m roQuepég now

TEQLOOOTEQES OXNUES, Oa mEEmeL vau €xeL wiot TOVAAXLOTOV 20U e Pabud n — 1 (TeQLrtds) xou

ovvendg 0ev Ba €xel xUxho Euler. Av Aowtdv 1o n elval doTiog, 0 PEYLOTOS aLOUGS aruwy elval
n(n—2)
2 - B

"Eva 1ovpd ouvvextixd ratevbuvipevo yodgnuo €xel xuxho Euler avv og xdbe xopupn, o
TEOg-Ta-€0w Pabuds elvar (0og ne ToV TEOS-TA-EEW Pabud. Av AoLTdV TAQOVUE EVO CUVEXTIXG
UN-XATEVOVVOUEVO YOAPNUOL KOL CLVTLXATOOTHOOVUE ®AOE axir] Tov e U0 ®OTEVOVVOUEVES OXIES,
utor og vdBe worevBuvvon, To amotéheopa Ba elvon va ratevBuviopevo yodgpnua e xixho Euler.



4 Kuxiog Hamilton

Kuxhog Hamilton oe €éva yodgnuo elivon ®d0e amhdg ®ixhog mov JLEQYETAL Otd GAES TIS ROQUPES
Tov yoogriuatog (lwodvvaua, ®vxhog Hamilton elvan xdBe amhog #ixhog pijrovs n 1 xdbe xinhog
mov JLEQYETOL OIS RABE ROQUPY TOV YOOPHUATOS axQLBWS it popd). "Eva yodgmuo pe ®xioxho
Hamilton ovopdCeton o Hamiltonian yodgpnuo.

Agv glval YVOOTO ROVEVOL COVOAO IXOVEIV ROL OVOLYROLDY GUVONXOV IOV va Xoooxtneitel To
voapiuota pe ®uxho Hamilton. Apxetéc avayxraieg ovvOixres eival yvworég. [a mopdderyna,
»d0e Hamiltonian yodgnuo eivow cuvextxd xat dev €xel yépuoec? ovte onueia xomijc®. Kdade
duwepéc Hamiltonian yodgnuo €xel Tov (dlo albud xopuey xol ota dvo néon. Av €va yodpnuo
JeV LXAVOTTOLEL RATTOLOL Avory®alior cuvOnxn, dev umopet vou €xel xuxAo Hamilton. Ymdoyovv dpmg
YOOPYILOLTCL TTOU LXOLVOTTOLOUV TS CivOlyXaleg ouvOnres xow dev €xovv »ixho Hamilton.

OL o yvooTég iaveée ovvOnres eivan o Bewpnuata tov Dirac kot tov Ore. To Bedonua Tov
Dirac eivow: Kafe (omAé pn-»otevbuvopevo) yodenuo pe eAdxloto fabud ®oQuerg neyohiteQo
1 (0o Tov /2 elvow Hamiltonian. To Oedonua tov Ore amotehel yevixrevon 1o OewEiuatog Tov
Dirac: Av 1o dBgotona twv fabudv xdbe Tevyous ®oQUp®V evog (OmA0U Un-»atevbBuvopevov)
YOOPRUOTOS €lval TOVAYLOTOV 7, TO Yodpnua €xel vuxho Hamilton. KdBe yodgmua mov wavo-
molel ndmola amo TS WavEg ouvonxeg €xel xuxho Hamilton. Yrdoyouvv dpmg yoopnuota wov dev
LXOLVOTIOLOUY TIC XAVES oUVOTRES oL €xouvv ®Uxho Hamilton.

Enouévmg, av mpémel va amodeiEete 6t xdmolo yodgnua €yel »0xho Hamilton, n mowtn oxéyn
elvou va Boeite €vav #ixho Hamilton oto yodgmuo. Av awtd dev eivor duvatdv (m.y. To yodenua
elvou TOAD peydho), moémel va Oeiete OTL 1rOVOTOLEL RATOLXL Ot TLS LROVES ouvOnmes (m.y. Oe-
wonua tov Dirac). Av mpémel va deiEete dm €va yodgnua dev €xel ®ixho Hamilton, moémel va
Poeite ndmola avaryroiol ouvOxn TOv OeV LRAVOTTOLE [TOL OTTO TO YOAgQNUOL (TT.). €XEL ONUELD ROTNS).

Aoxnon 12. No amodeiEete 611 #d0e amAd un xarevbuvduevo yodgnuo pe 11 xopuepés »at 53
axpég 0ev €xelL ®oxho Euler, al\d €yel #»Oxho Hamilton.

Avon. To mhipeg yodgmua ne 11 noguepés €xel 55 anpés. Zuvemae, xdbe amhd yodopnua pe 11
ROQUEES ®ow 53 axpéc mpoxvumtel and 1o K11 pe v agaipeon dvo axpwv. o va amoxieicw v
vopEn woxhov Euler, yoetdleton vo dtoxoivey S0 TEQLITMOOELS:
Heoinrwon 1. Ot 800 anuéc mov agpouédnxay amd 1o K1 mpoonintovy oty idia xoouer|. Aol
TO YodgNnua givar s, oL OU0 OxUES UITOQOVV VAL EXOVV POVO TO €val dro Tovg xowd. To yodgnuo
€xelL uia, nopuen Pabuov 8, dvo nogupés Pabuov 9, nal 8 xopueés ue Padud 10. Zvverdg, dev
umwopel va. €yel #0xho Euler, oot meQLeyel ®ATOLES ROQUEPES e TEQLTTO Pabns.
Heoimtwon 2. Av oL OV0 axiég Tov apaeénxay ard to K11 TQOoT{mTovv o€ TE€00EQLS OLOIPOQE-
TIRES ROQUPES, TO Yodpnua e 11 xopueég »al 53 axrués moemet va €xel 4 xoQUPES Pabuov 9 nou
7 ®ooupécg fabuov 10. Kal og avt) myv mepimrwon, 1o yodenuo dev umopet va, €xel ®vxho Euler.
H vmoEn wixhov Hamilton mpoxnvmter amd 1o Oedonua tov Ore, oot oe xdbe meQimmwon,
T0 dBgotopa Twv Babudv xdBe Cevyous roQupdv elvan Tovddylotov 17 > 11. O

2 Mo, o eVES OUVERTIROT YOOPIILOTOS OVORGTETOL YEQUOOL oV SEV VITAEYEL ®#UXAOC oV VoL TV meotéxet. H agaipson
™S YEQUEOS OLIDEL TN CUVERTIXATNTA TOV YQAPHUOTOS.

® Mio #opuY| VS GUVERTLHOU YOOPHIATOS OVOUGLETOL ONUED ROTTHS AV N APAiDEON TS QDEL T CUVEXTIXGTNTA TOV
YOOPHHOTOS.



Aoxnon 13. Noa yapaxteioete v ®Adon Tov yoopnudtwv oto omoto xdBe xuxhog Euler eivou
emiong o ®Uuxhogc Hamilton.

Avon. “Evag #ixhog o omoiog elvor 1600 wuxhog Euler 600 xou ®0xhog Hamilton moémel va. dLép-
YETOW OO ®AOE ROQUPY TOV YQOPHUATOS OXQLPAS Mot oed (emetdn elval xinhog Hamilton) xow
oo ®AOe axp] TOV YOOPNUATOS axQLPMS pia popd (emewdn eivon xvxhog Euler). Avté umopet vo
ovpuPet povo av to yodgnuo eivan €vag amhog ®inhog Cp, ue n ®OQUEES xal n orPES (vrevOuui-
Covpe 6t 0 amhdg xixhog Cy, , n > 3, AMOTEAETOAL OO N ROQUPES U, U2, -« . , Uy HOL N ORUES
{ur,us}, {ug,ust, ..., {un—1,un}, {un,u1}).

Svuyrenouuéva, ov 1o yodgnua TeQLeixe n + 1 1 mepuoodtepes axués, o xinhog Euler dev Oa
Nrav »ixhog Hamilton (6o meQlelye meQLoo0TeQes amd n arPES ®oL OUVERMS Bal dieydtay oo
RATOLOL XOQUPY TTEQLOOGTEQES OO oL OQRES). AV To Yodgnuo epLelye n — 1 1 MyoteQes anpeg,
elte Oev Ba wepLelye ravéva xinho (Ba nrav d€vtpo) eite dev Ba fray ouvexrTing, xow dev Ba elye
oute »Oxho Euler ovte wixho Hamilton. Téhog, av to yodonuo megielye n axrpéc ahhd dev nrav
10 Ch, TOTE B0 TTEQLEIYE EVOL ®UXAO UE UROS UWXQGTEQO TOV 71 %Al OV B0 NTOQOVCE VO, TTEQLEYEL
ovte nOxho Euler ovte wixho Hamilton. O

Aoxnon 14. Mio oxpn ovoudCetal yépuvoa av dev vidyel ®UxAog mov v meQLéyel. Aei€te ot
av éva amhé yodonua, €xel xvxho Hamilton, tdte 0 pmopel va megLéyer yépuoa. Ioyvel 1o (dlo
ovuméQaoua av avtt yio xvxho Hamilton vwoB€éoovpe 6t 10 yodgnua €xel vuxio Euler;

Avon. "Eotw G(V, E) éva omolodijmote yodgnuo pe xxho Hamilton xow {u, v} € E pio omorodn-
mote oxp Tov G. Agov to yodpnua €xel xuxho Hamilton, vrtdoyel povordtt m ReTAEU TV u %ol
v mov dev dLpyeTan and v axwi {u,v}. To povomdt 7 pali ue mv {u,v} oynuotiCer xvxho.
ZUVETMS, ®oUlol axun Tov yoopnuoatos G dev umwoQel va eival yéguoa.

Me 10 (d10 oxemTIns, Po oxpn {u, v} dev PoEEel vor elval YEpuoa axGun ®oL oty TEQTTmOoN
OV ATAMDS VIAQYEL RATOLOG XVXAOS TTOU OLEQYETOL 0TS TIG U RO U (RGN KOL OV OWTOS O RUXAOG
dev givaw »oxhog Hamilton).

‘000 yio. tov ®0xho Euler, avtdg dL€pyetal amd GAES TIS ARUES TOV YOOUPHUATOS. ZUVENMS, ®AOE
vodonuo ue xvxho Euler dev umopel emiong va. megléyel yépuoa. ad

Aoxnon 15. Na deiEete 1L 08 ®ABe yodgpnuo Tov TEQLEYEL YEQPLOA, VITAQYEL RATOLLL XOQUEY] UE
TeQLTTO Pabud.

Aoxnon 16. "Eva touepéc yodgnua eival €va yodgnua oto omoio ol xoupol tov diouepiCovron
oe 1ot ovvora aveEapmoias. To Ky, 1 elvon To TOLUEQES YOdpNUO 0T omoio ToL Telot ovvola
oveEopmoiog, éotw A, B »au I', éxovv avtiotorya m, n #oL k ®0QUEES, %Al OT0 0moio ®dbe
®oQUYY] 0¢ ®dBe olvoho amd ta A, B xou I' elval ouvdedepnévn e GAes g GAES ©OQUYES OTal
diha dvo ovvoha. (o) Na delEete 6m 1o Ko 46 elvon Hamiltonian. () No 0et€ete 6m 10 Ky, 2p 30
elvaw Hamiltonian yio #dBe Betnd axépao n.



5 Avoamogdotoon I'oagnudarov

5.1 Iivaxrag I'evrviaong

O Iivaxag T'eirviaons (Adjacency Matrix) A evég yoagiuorog G(V, E)* eivou évag teroaymvindg
mivaxas |V| x |V, o yoopugs zow or otiheg tov omoiov agiBuoivron pe BAom g ROQUEPES TOv.
Ta otoLygior Tov Tivaxro YELTVIOLONS 0QiCovTol (e PAom TIS OXUES TOV YOOPNUOTOS OlS T OXEon:

Ali. 1 av{v,v;} € E
6=
0 duapogeTind

H avamapdotaon tov yoapinoatog G pe mivaxa yerrvioong amoutel ©(n?) 0éoeic pvijune.

Elvai evxolo va. dotue 6T yio To (010 YOA@NIa, ITOQOUY VoL TEOXUYOUV OLAPOQETIXOL TTIVOXES
YELTVIOONS OV YONOLUOTOoOVIE dLOpOoQETIXG aiBunon xopupdv. Béfaia av Bewpnoovue dvo
TVORES TTOV TEOXUTTOUV OT6 T0 (010 YOApNUoL ®ou ®Avouue TV oviiotoopn dtaduaoic (dn\.
ROTAOXEVAOOVUE TO YOAPNUA TTOV OVTLOTOLXED 08 ndBe Tmivaxa), O xataAiEovpne o€ oouoepixd
Yoopriparte!

Ou Paowés 1010TTES Tov Tivaxra YELTVIaoNS VoS amAol UN-rOTeVOUVOUEVOL YOAMUATOS
G(V,E) givaw

1. Ta droydvia otoryeio Tov mivaxo eivor 0 (Yot dev vrdoyouV avarvAADOELS) %O O TIVOROS
glvol OUUUETOLROS WS TOOS TN Aaydvio (oL axpeg dev €xouv rotevbuvon).

2. To dBgolopa TMV CTOLEIMV TS YOOUUNS 1 TS OTNANG IOV OVTLOTOLYEL Ot ®dBe ®oQUYPN v;
glva (00 pe 1o Pabus e roQuENS, dMA. Zujev Alv;,vj] = Zvjev Alvj,v;] = deg(v;).

3. To ouvolxzd dBgolona TmV oToL elwV Tov Tivaxa yelTvioong eivor (0o pe 1o dimhdolo Tov

0QUOUOT TV cutdV ToV YopHUOTOS, ML D 1 Zvjev Alvi,vj] = 2|E)|.

To [i, j]-otouyeio Tov mivoxa A (dnh. e £-oomic dvvaung Tov mivaxa yerrvioong) sival (0o
e Tov aplud Twv dadooudy (UTOQEL Vo EXOUV ETOVOLAUPOVOUEVES OXUES) TOU GUVOEOUV TLS
#OQUPES v; xou v;. ['iat mopddevypa, A2[i, i) = deg(v;) Y10 xdBe xopupr v; € V eme1dn oL rovodixég
OLadQOUES UN®oVS 2 Tov EEXLYOUV %Ol TEAELDVOUV OTNV (010 XOQUPY] ATTOTEAOUVTOL OTT6 TIS OXUES
TOV TQOOT(TLTOVV TNV ROQUYPY], Exouv INhady ™ woeyn {vi, u}, {u, v;}.

"Eotw o wivarag Y = Z?:_ll Af, Smov n = |V elvou 0 clplOIGE TmV ZOQUPEHY TOV YOAPHILOTOC.

Heéraon 1. Y[i, j] > 0 aw vadoyer Siadoourj amd tny x0ouerj v; oTyY 20QVQI v;.

AmodeiEn. Av vrdpyer diadoour omé ™ v; 0t vj, TOTE YVwEILovpE 6T VAQYEL ®ow (AS) po-
vomdm, wixovg £ < n — 1. Emopéva, Oa eivan ACfi, 5] > 0 mov omuaiver 6t Vi, j] > 0 (emeudii
ot duvdpelg tov mivaxa A dev €xovv apvntxd otowyeia). Aviiotpoga, ywo va eivar Y[i, j] > 0,
B moémeL va vidoyeL ®dmolog axéoauog £, 1 < £ < n — 1, yia tov omoio A%fi, j] > 0. Svvemdc
vraEyel dadoopn wijxovg £ m v; om v;. O

Av zdmoto otouyeio tov Y elvan 0, o yodgnua dev eivan ovvertixd. Ilpdyuatt, ov vdoyeL un-
daydvio otorgeio Yi, j] = 0, dev vmdgyel dadgopn HETAED TOV aVTIoTOLY®MY XOQUPHY VPOV

4 Je aTEC TS ONUELDOELS OVAPEQGUAOTE PIGVO 0TV VATARAOTOON 0TMDY UN-ROTEVBUVGIEVOV YOOPNUGTOV.



ue v [Mpéraon 1. Exiong, av vrdoyet dioydvio otoryeio Y i, i] = 0, n aviiotouyn xoQueij mogmnet
VoL glvall OTTOpOVOUEVY. AVIIOTQOQO, OV TO YOAQNUO (VoL OUVERTIXG, Gha T oTotyelo Tov Y elvau
Betind.
Ac Bempnoovpe Tpo Tov n X 1 mivaxa X mov oplteTon wg:

o 1 avi#jrouY[i,j] >0

X[Zaj] =

0 diagpopeTind

Zav doxnom, va omodeiete on 1o yedgnua G (amd to omolo mooxvmtel o mivaxag Y) eivon
CUVEXTIXG OVV TO Yodpnuo te mivoxa yertvioons tov X eivow 10 Ky. Emiong va amodeiEete ot
av 10 yodgnuo G dev givol GUVERTING, TGTE TO YOAPNUA TOV avTLoToL el otov mivaxa X €xet puiot
whixa yio ®d0e ovvertiny cuviotdoa tov G.
Aoxnon 17. "Eotw A o mivoxag yertvioong eveg amhold un-xorevbuvéuevou yoogpiuatog G ue
n %OQUYPES, ®al A 0 Tvaxog YEITVIOoNS TOU CUPTANQWRATIHOU Yoopiuatoc G. “Eotm emiong
V =S Al Vo= Y] A" Moo sivou 0 vodgnua pe mivoxo yerrvicong tov A + A
wou yrorl; Yadoyouv undevind otolyeion otov mivoxo Y + Y (OL amovtijoels eivor K, xon 6yt
avtiotouo. ATOREVEL VoL ouTlohOYNBOUV).

5.2 Aiota I'etrviaong

H Aiota yerrviaons (adjacency list) evig yoagijuorog G(V, E) amoteleitor amd ™ Mot twv YeL-
TOVIXADV ROQUP®V yLat ®dBe rooupr v € V. Ou delxteg ota mE®TO OTOLKE(D OQVTAV TWV MOTDV
arobnrevovtal og €vav mivaxa L pe n BE0elg. ZuyrerQLUEVO, 0 EIXTNG OTO TEWTO OTOLYEID TNG
MOTog TV YETOVIRGY 20QUYdV ™S v € V' Poloxetal ot 0€on L[v]. To uéyebog g Motog tmv
YELTOVOV TG v elval (0o pe to fabud me. Emonévmg, n avamapdotaon tov G e Alota yertvioong
amoutel O(n + m) Boeig pviung.

"Eva mogdderypna avomogdotoons *oTevBuvoIEVO YOOPNUOTOS e AMoTa YELTVIaoNS %ol Tivoxo
verrvioong divetan oto Synua 1, eved oto Zyfqua 2 divetal Eva TaQddeLyIa avamaQdoTaons Un-
ROTEVOUVOUEVOV YQOPHUATOS.

‘Ota 1o yodgnua eival apatd (sparse), <Mhadij €xel aOUS axudv o(n?), n avomadotaon e
Mota yerTviaong ortoutel aovITTOTIRd MYOTEQES BEOELS VNG OIS TNV CVOTTOQAOTOON ILE TTIVOXOL
yeuviaone. AvtiBeto, Stav 1o yodgnuo. efvar muxvd (dense), Snhady €xel apldps axpdv ©(n?),
Ol OTTOULTHOELS TV dV0 AVATAQAOTACEWY 0€ BECELS UVIUNG TAVTICOVTOL S TEOS TNV AOUUITTWOTIXY
TOVG CUUTTEQLPOQAL.
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Tymjua 1. TTopddelypo ovamaodotaons RoTeVOVVOUEVOY YOOPHULOTOS.
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Zynpe 2. TTopdderypo. avomaQdotoons W-*oteVBuVOUEVOU YOOPIIUOTOS.

H avamapdotaon pe mivaxo YETvioons TAEOVEXTED YIOTl MTEETEL TOV EAEYXO YLO. UTTAQEN
oxIS LETOED dV0O CUYHEXRQUUEVDV ®OQUP®DV Ot 0TaBeQ0 xodvo. H avamapdotoon pe AMota yelrtvi-
0LONG TAEOVEXTEL YLOT( EMITOEMEL TNV ATTOQIOUNON TWV YELTOVWV ULAS OUYREXQLUEVNS HOQUPNS U OF
xo6vo O(deg(v)) (avti yio @(n) mov givan 0 avTioTorog YOOVOS Yo TOV VALK YELTVIOONG).

Aoxnon 18. No duatvun®oete alyGoLBUovs YOOUULXOU YOOVOU OV UETATOETOUY TNV AVOTOQU-
OTOOT EVOS YOOPRUOTOS OTt6 AMOTOL YELTVIOONG OF TEVOKOL YELTVIOLONG KO AVTIOTQOMOL.

Agxnon 19. To tetrpdywvo evic yoagpijuaroc G(V, E), ovuforiCetar pe G?(V, E?), meoiéyel my
o (U, w) OV %Xow POVO 0V 0L ROQUYES U %Ol W EIVOIL YEITOVIXES 1] €X0VV ®OWG Yeltova oto G
(Loodvvapa, av %ot WOVo oV oL ROQUPES 1 %ot w Poloxovion PEloxoVIOL 08 AGoTOON TO TTOAD
2 o0 G). No. dlomumdoete amodotinols ahyopiBuovs yua Tov vrohoylous tov G? étav 10 G
ovoraloTaTal le AMoTol YELTVIOONS ROl UE TTIVOXROL YELTVIOLONS.

Aoxnon 20. To avdorgopo yodgnuoa (transpose graph) evog %atevBuVOUEVOL YQOPNUATOS
G(V,E) eivan 10 yodgnua GT(V, ET) émov ET = {(v,u) € V x V : (u,v) € E}. Anhadn,
10 avdotpopo yodenua GT moorvnTel amd 10 G AvVILOTEEPOVTOC T QOQd TOV axpudv Tov. Na
ALATVTOOETE AAYOQLOUOUS YOOUILXOU YOOVOU YLOL TOV VTOAOYLOUS TOU OVAOTQOQOU YQAMUATOS
GT Grav 10 G avomapiotorol pe MoTo Yerrvioong ®oL e Tivoxo, yerrvioonc.

5.3 Mivaxag Ilgéonrwong

O Iivaxag Iodomtwons (Incidence Matrix) M eviég yoagpiuatos G(V, E) elvor évag mivorog
V| x |E|, ov yoouués tov omolov abpovvron pue BAom Tig »0QUPES %ol oL Otihes ne Pdon g
axpég. Ta otoryeio Tov mivaxa mEAomTWoNg 0pitovral amd T oxéon:

Al ] {1 av 1 #0QUYPY v; EIVOL EVaL OIS TOL AXQAL TG ORUNS €;
5] =

0 duapogeTind

I to 1o yodgnuo, prootv va TEorMPouV SLAPOQETLXOL TIVORES TEOOTTMONGS YL dLOLPOQETLAY
0QlBUNOTN ROQUPWV %Al OXUDV. ‘OTWE RO YLOL TOVS TEVARES YELTVIAONS, OO0 MIVOrES TOOOTTWONS
OV TEOXRVITOVV aTtd TO (OL0 YOAPNUKL AVILOTOLYOUV 08 LOOUOQPLRA YQOPIUOTOL.

O Baoizég 1OLOTNTES TOV TvVOXa TEOOTTWONS EVOS ATAOU UN-ROTEVOUVOUEVOL YQUMULATOS
G(V,E) givaw

1. To daBgowopa Twv otoryelmv »rdbe yoouuns etval (oo ue to BaBud T avIioToLyns *OQUEPNG.
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2. To dBgotopa Twv otolyeiwv xdBe otiing elvon too pe 2.
3. To ovvolxd AOQEOLORO TWV OTOLYEIMY TOV TIVAXRO TEOOTTWONS €ival (00 e To JTAGOLO TOv
0QLOUOYU TWV OXUDV TOV YOOLPHUATOS.

6 Toopopgzd I'oagnuota

Avo yoagpiuoro G(Va, Eq) wow H(Vig, Exr) elvon ioouoo@uxd Gto vidoy el Wio. UgLULOVOOTLOVTY
(. 1-1 xou emi) avuotorgio f : Vg — Vi 1et0&i tTmv xoQueav Toug Tou dLOTNEEL T YELTOVIRG-
mra (A {v,u} € Eg < {f(v), f(u)} € Ex). H avuotoyio f xahelton .0OUOQPLONSS UETAED
TV yoagnudtwv G xar H. Elvolr duvatdv vo vdeyouvv meploodteQol amd EVag LOOUOQQLOUOL
UETOEV OO yoapnudtmy. ALoodnTird, OU0 YOUPILATO (VoL LOGOROQMLXA OV TTQOXELTOL YLA, TO (OL0
vodgnua “Coyooplougévo” ne dapoQeTivs TeAmO.

H oxéon oopopgpionov Uetagl tmwv yoagnudtwy gival oxéon toodvvauias. Ilodyuat, elvol
OVOXAOLOTIXY] 0oV %AOe YOdENUOL EIVOL LOOROQMPLXG LE TOV ECUTO TOV, EIVOL CUUUETOLXY] YLOTl O
LOOUOQLOUAS EIVOLL OUPLLOVOTUOLVTY GUVAQTNON (GQ0L OVTLOTQEWLUN), XOiL EIVOL RETOPOTINT YLOLTT
1 oUvBean 800 LoopuoELONdY diver Evav toopopeLoud. Kdabe xhdon iooduvauiog mwov opiletal omd
™ OX£01 LOOROQEPLOUOV TEQLAAUPAVEL YOAPIUATO TTOU CURPWOVOUV TQUXRTIXA O OAES TS LOLGTNTES
TOVG (%ol dQOL OVOLOLOTIXA TOVTICOVTOL).

Mo 1ot evos yoagpiuatos G ovoudletar availoimty (wg mEOS ™ OXEON TOV LOOUOQML-
ouov) av xdbe yodgnuo mov elvar Lloouopxd te o G €xer v Ol WeTTa. Me amhd Aoy,
%dBe 1016TNTeL Tov dev petafdiletal av “Cwoyoopicovue” To yodenuo dLapoetivd elvor ovoh-
holwt. Ta toopogpLrd yoopiuota Cup®Voly m¢ OGS TLS availolmTtes WOLWOMTES Tovs. H évvola
TOU LOOUOQELOUOYV EIVOL ONUAVTIAY YLOTL OAeg OL ONUOWVTIXRES YQAPOOEWENTIXES LOLGTNTES €Vl
avalholwTtee’.

Mg amoderxviovpe ot pia WotnTa eivor avabhoiotn. Ta mopdderypa, Ba amodeiEovpe Gt N
WieTnta 6Tt to yodenua €xel povomdtt Hamilton etvou avallotwtn. ITapduota yerpllouaote ndoe
avoihoimt WidTnta.

Oewpovue yodopnua G(Va, Eg) mov §xel v idiomto xabdg ®al wo. dowr Tov moTtomoLel
o6t to G €xeL Vv WOLGTTAL (0TO OUYREXQLUEVO TALOAELY AL, Mol TETOLLL douy €lvor €O LOVOTTATL
Hamilton). ®ewpoipe eniong avbaipeta emheyuévo yodgnuo H (Vir, Efr) mov elvol 1oopoQgixd
ue to G nou évav oopoplopd f : Vg — Vi neta&v tov G wouw tov H.

‘Eotw P = (v1,v9,...,0p—1,0,) €vo povordt, Hamilton oto G. To P meouhappdver 6heg
TLS XOQUPES TOV YOOpHatos G axolpws pic pod xow ®de Cevydol dLadoyIx®y ®0QuepdV oto P
ovvdgetan pe axpy. ‘Eotw f(P) = (f(v1), f(v2),- .., f(vn-1), f(vy)) n emdva tov P oto yodonuo
H wg mpog tov 1oopoeplopnd f. Aoty to f elval wo aipUUOVOOHILOVTY OVTLOTOLY (0L UETAEY TwV
20QUEMV TV G wow H, #40g ropupn tov H gpgaviCetar oto f(P) axoupds pic gopd. Agov to f
5 Mo WiémoL tov dev givon avalhoiwt Tegmet va eE0QTETaL ot ToV TOGIO OV TO YOSPNLOL Eival “ToyoapLouévo”,

Y. OU0 axUés TEUvOVTaL, dV0 ®OQUYES Poloxrovtal omd v (Olo TAEVEd 0t OXEON UE HATOLOV AEOVO CUUUETQIOG
Tov emrédov, apLBUSE ®oQUP®V OtV eEwTeQry GYm eVAg emimEdOV YOAPNUATOS, RATOLES ROQUPES AVIJROVV 0TIV
eEwteQurr] SYm evig eninedov yoopiuatog, ®A. Avtég ol WLdTnTeg €0V oVVHBWE WrEGTEEY ONuUasio atd WLGTNTES
Smwg 0 AELOUAS TWV KOQUPWDV HOL TWV OXUWYV, OV EIVOL TO YOAPNUO. CUVEXTIXG, OV elvol k-UeQEg, ov TeQLéxel uiol
UeYAIAn #Aixo 1 €va peydAo ouvoho aveEapmnoiog, ov €xel xurho Hamilton 1 Euler, #Ax. mov dev eEapradvion amd
TOV TRATO OV 10 Yedgnua eivor “TCaypoplopévo” xan eivor avolloloTeg.
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elvVal LOOUOQEMLONAS %ol dLTNEEL T Yerrovixdmta, xdbe Cevydol dradoyindy xopuepdv oto f(P)
ovvdgeton pe oxun (yrori to 9o ovppaiver oto P). Zuvends to f (P) eivau éva povorrdt Hamilton
oto H »on n 1diomra eivan avalloiotn wg mpog T ox€on Tov LoOUOQMLOUOU.

H 01 axpipdc peBodoroyic axohrovBeitor yioo Sheg g 1dLOTTES!

I va dei€ovpe ot pio Wt dev elvar avalhoiwty, Tagovoldiovpe €va Cevydol LOOROQ-

PLADV YOAPNUAT®Y TOU TO V0L €XEL ®aL TO AAAO Oev €xel TNV LOLGTNTA.
IIog amodernviovpe 6ti 0o yoaprpata eivar Loopoe@ixd. O mE®TOS TEOTOS EIVAL LE TOV OQLOUO.
Anhadn Botorovpe Evav loopopLopd f (o avtotoryion RETOEY TV ®XOQUEPADV TOVS) TOV dLOTNOEL
TN YELTOVIXOTNTOL € OUTH TNV TEQITTWON TEETEL VO EAEYEOVUIE TIS OXUES TwV V0 YOOPNUATWOV
pia-mpog-uia yio va emfefondoovpe 6t xdbe axpny {u, v} VTAQYEL 0TO §vaL YOAPNUOL OV RO UGVO
av n axpn { f(u), f(v)} vrdoyer oto devtego.

Av to yoapriuoto €xouvv ToMES axués, mpoomabovue vo deiEovpe GTL ToL CVPTANEWUATLRA
yoapiuata glival LooRoQ@Lrd (XONoLomolovpe TdAl Tov ootond). To mheovéxmuo avtic s ne-
08600V givan GTL av ToL AEYLRA YOOPRUOTA €XOVV TOAES OUUES, TOL CUUTANQWUOTIXA €XOVV ALYES,
omdte elvor evnolo va delEovpe GTL ElvaL LOOROQMLKAL.

Mua toitn néBodog (e mEQLOQLOUEVY MG EPOQUOYN) EIVOL VO AVODLATAEOVIE TLG ROQUPES
/ arP€g TOV €VOG YQOPNUATOS MHOTE O TIVOXAS YELTVIOONG 1] TQOOTTWONG VO TAVTICETAL PE TOV
ovtioTtolyo mivoxa Tov devtegov yoapriuotos. To peydla yoopnuoto (.. TEQLOCOTEQES A6 6
ROQUPES) ot M LEBOJOG XOELATETAL NEYAAN TTEOCOXN %Ol UITOQEL eUROAA VO 0dNYOEL 0 AdO).
IMog amoderxviovue 611 d¥o ypagrjnata dev eivar wwopoggizd. Boloxovpe pio avolloimm 1OL6-
™o oTv omoia dev auppmvovv. Ot o cuvnBlopéves avarlolmtes OLOTNTES elvol 0 aEOUGS TV
XOQUPAV ROL TWV OXUDV, N axolovdio TV PabBudv Twv x0QUEMV, 1| CUVEXTIXRGTHTO, 1 VToQEN
RURAOV CUYREXQLUEVOU MROVS, HATT.

“Eva yodgnuo ovoudteton QuroouumAnomuatixd Gtov eival .GORoEQIXG TQOS TO CUUTANQW-
uatrd v yodgnuo. o va glvar éva yodgnua G(V, E) owtoouumAomuotins Ténet eite 1o
|V| elte to |V| — 1 va droupeiton axolpds pe to 4. Tav doxnom, Peelte €va avtoouUTANQMUATLRG
vodpnuo e 4 ®0QUPES %Ol VO CUTOCVUTANQWUOTIXG YOAPNUO UE S5 ®OQUEPES. YTAQXEL UTOCU-
UTANOWUOTIXG YOAPNUO UE 6 ROQUYEG;

Avrouoopiouds mdvm og éva, yodgnua G elval €vog loopopLopds Tov G otov equtd Tov. Me
amhd AGyLaL, 0 AVTOROEELOUGS aAMALEL Tar “ovipata” alld dLoTnel Tovg “QOAoVS” TOV ROQUPHDV
0TO YRAPNUCL.

ArowoOnuxd, va yodgnuo eivol uetafatixd xatd tis x0QUPES TOV GTOV GAES OL XOQUYPES TOU
yoapiuatog malCovv axoupas tov o “pdho”. TLy. o amhdg ®ixhog pe n ®oQuEés (Cy) ®ou To
TANOES Yodgmua ne n ®oQueEs (Ky,) elvan yooupnuato LETAROTind ®oTd TIS ROQUEPES TOVS EMELON
dev vrtdyel TEOmOg va. dloxivoupe T wiok ®0QUEY| s TV dAAN. AvtiBeta, Eva amAd povomdl
e n woQUEES (F) dev elvan petafotird xatd Tig xoQUEES Tou emeldn amoteleital amd dvo dxoa
%Ol 1 — 2 eVOLAUEDES ROQUYES.

7 Enineda I'oagripara

"Eva yodgnua elvan ezimedo (planar) av pmogei vo amotumwdet / “TCoryoaprotel” oto enimedo ywolg
Vo JLALOTOVEMVOVTOL Ol oxES Tov. KdBe emimedn amotimwon evog (emimedov) yoapriuotog oQi-
Cel “nhelotég mepLox€s” mov ovopdlovion oyers (faces) Tov yoagpinoarog. Tvmird, dedopévng wog
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EMIMEINCS ATOTHIWONS EVOS YOOUPHUATOS, Gy ovoRdLeTon »AOe TEQLOYY] TOV EMLTEDOV TOV TEQLOQI-
Cetow amd axpég wow OeV UTOQEL Vo XWELOTEL 08 IxpoTeQes Apels. O ecmteQunés Gpelg (interior
faces) tov ypapnuatog eivon memepaongéves. H eEwteounr) dym (exterior face) eivouw ameproplom
ROl TEQLAAUPAVEL OAOUANQN TNV TEQLOYN] TOV EMLTEDOV OV EXTEIVETOL EXTOS TNS OTOTHTMONS TOU
YOOPUALTOS.

Kd0Oe axun evog emimedov yoopnuotog oupUETEXEL o€ dU0 TO TOAD GYPeLs. AV (o, axuy avixel
og ®urho, ovt amotelel 0vvoQo / oupuetéxel oe dUo Apels. Av pior oxpry Oev avijrel o€ xUxho,
ovTy] oupupeTEYEL og pio Sym. Kdabe axvrnd enimedo yodgnuo €xel névo uic, oym, mv eEwteouxn.
Iopatpeiote emiong 6t av €va yodonuo eivol enimedo, ®xdBe vmoyodgnua tov eivol emiong
emimedo.

7.1 Tvmog tov Euler

"Eotw ovvextixd enimedo yodgnuo G (L amaooitTo aths) WE 1 ROQUYES, M ARUES, ROl f OPELS.
O twimog tov Euler ouvdéel avtés T toels moodtntes ue v &fg oot n + f = m + 2. Mua
oNnuovTLRY CVVETELDL TOV TOTTOV Tov Euler (artd Tig moMES) elvan 6TL 0 0QLBUGS TV GYewV VOS emi-
TEOU YOAPNUOTOS EIVOL YOQOAXTNELOTIXG TOV YOAPHUOTOS %ot OgV eE0QTATOL 0TS TNV ATOTUWON
TOV yoopnuatog oto emimedo (elvow dMhadn avarlolwty WGTNTA, YO0 CUVEXTIXG YQOPHUATA, O
aQLORGS TwV OYewv elvan Tavio f = m — n + 2 aveEaQTnTo TS ATOTITWONS).

“Evag todmog va anodeyBei o tomog tov Euler elvou pe emaywynq otov aolBud twv dypewv
Tov yoaghuatoc®. Av 1o yodgnua €xel pio. pévo Spn, TéTE VTS EIVOL ORUXMAGS RO CUVERTIAG,
IMhadn] dévtpo. O Timog €metal omtd To YeYovog 6tL n = m+ 1. YroBgtovue emaymyixd 6t o Timog
tov Euler 1oyveL yio xdbe ovvertixd emimedo yodonuo ne to oAl f opels. "Eotw omotodnimote
OUVEXTIXG eTimedo yOAPNUOL NE 1 ROQUPES, m aruég, ®ral f + 1 dpeis. Ilpémel va deiEovpe GtL
n+(f+1)=m+2.

A@ov 10 yodpnuo €xeL TOUAAYLOTOV 2 OPYELS, TOETEL Va €XEL EVAV TOVADYLOTOV ®UXAO %ol dOoL
TovAdyLoToV pice axpy mov dev elvar yéquoa’. H agaipeon Mog axic e mov avijeel og ®U%Ao
UELDVEL TOV 0LOUS TV OYewv »otd 1 (oL dvo GPelg mov ywellovior ams TV e eVivovIoL o€
wia), petdver Tov oS Twv oxpwyv xotd 1, eve dev emngedlel Tov apldud TmV ®0QUEMV,
OUVEXTIXGTNTA, %Ol TV emLmedoTnTa. Emouévowg, to yodenuo mov mooxUmtel omd Ty agpaipeon
™S e eival ouverTxG %ol emimedo, ®oL €xeL n ®OQUYES, m — 1 axuég, »or f opels. Amd v
emAywyLny vtéeon, Exovue

n+f=(m-1)+2=>n+f+1=m+2

Onmwe amalteltol.

Xonopomodvtos tov Timo Tov Euler, progovpe va deiEovpe Gt »dbe amhd emimedo yodenua
G pue n > 3 ®oQupég naL m oxpég €xer m < 3n — 6 axpés. Xweig PAAPN ™S yevirdTnTog
vroBéToupe ATl To yodgmua G givor ouvextixs (ov Oev eivol PNToQOvUE Vo TQOOOECOUNE ORIES
MOOTE VOL YIVEL OUVEXTIXRG TALQOUEVOVTOS OTTAS %ol ET{TEDO).

® H anédei&n mov anohovdel yonotpomolel mv évvolo tov dévipov. Mmopsite howdv vo. v mapokelpete o avmj
@domn. Elvaw Spog »ohd vo emoteéyete og ot Stov peAetoete Tig Paoirés ot tes v SEvipmy.

7 @uuitovpe ST YEQuoo. eivon %G0e o] wov dev aviirel og ®ixho. H opoioeon ag YEQUOOS omtd €va OUVERTIHG
yodgnuo ®aBLotd To YRAQNUOL U OVVERTIXRG dNuovYdvTag U0 CUVERTIRES CUVIOTWOES.

14



"Eotw f 0 a0Buds tov Spemv touv G. Agpou To yodpnuo eivol amAd, 0 WxQOTEQOS ®URAOS £XEL
unxrog 3. Kabe oyn mepihapfdavel ooy tovhdylotov 3 axpuéc. Emonévme, 1o dBgolona tmv axpmyv
ShoVv TV SPemv elvan Tovhdylotov 3f. AnS v dAn Thevpd, ®dBe axu CURUETEYEL TO TOM) OF
dvo Syeis. Emopugvmg, to dBgotopa Tmv axudv GAwv Tmv SYewv ivol 1o Tol) 2m. ZuvOvdloviog
TS dV0 aVIOGTNTES, EYOVUE

3f < dabpoloua axpwdy Shwv tTwv oYewyv < 2m = f < %m
SuvdvdLovrag Tov Timo tov Euler pe tnv moQomdvm avioomta, €Xouue
m+2:n+f§n+§m:>%m§n—2:>m§3n—6

H avioémta avt) eival axopng apod xdbe amhd eminedo yoapnuo Ue n XOQUMES ®ol CAES TOU
TS OPeLs Tolywval (nA. amoteholueves oo axoupads 3 axués my xabepia) €xer axoipwg 3n — 6
ORUES.

Xonowomoldvrag Ty Owe pebodohoyia, umwopeite vo amodeiEete Tl #dbe amhd dueQEg emi-
7edo Yodgnua Ue n > 2 xoQUQES xal m axpég €xet m < 2n — 4 axpués. H névn duagpopomoinon
elvou 6L ooV 1o yodgpnuo ivol ommAG ®oL OLUEQES, O IXQOTEQOS XURAOS TOV €xEL UNxog 4 (ta di-
LLEQT] YOOLPNUATOL OEV EYOUV RUXAOUS TEQLTTOU UROVS ®all GUVETMS deV Exouv Toiywva). "Etol »dbe
Y eVES TETOLOV YOAPNIATOS TEQIMAUPAVEL TOVAAXLOTOV 4 aniés xal f < m /2. AvitroOLotdviog
otov tomo tov Euler, maigvouue to tnrovpevo.

Aoxnon 21. Katoorevdote amhd emimedo yoopnuote Pe 6 ®0QUEES #at 12 axugég, »al pue 7 ®o-
ovég »at 15 axués. Exlong nataoxevdote amhd emimedo OLUeQES yodpnuo e 8 xoQupés ot 12
OXNES.

Aoxnon 22. Na amodeiete otL »dbBe omhd emimedo yodenua €xel TOVALYLOTOV ULOL XOQUEY] UE
Babud wxedtego 1 (oo Tov 5.

Avon. Ao o aBUds TV OXIOV TOV YOOPRUOTOS ELvaL TO TOAD 3n — 6, To dBgoloua Tov abuot
OA®V TV ®0QUYAV OV PToel va Eemepvd to 6n — 12. ARG TNV 001} TOU TEQLOTEQMVOL, TTQETEL VOL
VITdEYEL ot xoQueT} ne PaBud wov dev Eemeovd To 5. (AlopoQeTind, VITOHEDTE GTL GAES OL XOQUPES
éxouv Babud ueyolitego 1j ico tov 6. To yodgnua o meéner va €xeL Tovhdyotov 6n/2 = 3n
arPES. Auto elvar avtigpaon, agov xdbe amhd eminedo yodenua €xel To oAU 3n — 6 axpég). O

Acoxnon 23. Na amodeiEetre 6 10 K5 naw 1o K33 dev elvau emimedo.

Avon. To Ky dev eivou emimedo yrort eivon amhd yodpnuo ko €xet 10 axpée, apibudg mov Eemepvd
103 x5—6=9.To K33 0ev eivou emimedo, yiarti eivow €va amhd OLPEQES yodgnuo He 9 anpég,
0pLBusg mov Eemepvd 10 2 X 6 —4 =8, ad

7.2 To Oedonua tov Kuratowski

Amdomoion oetpds oe €val yodpnuo eivol 1 “moodlenym” wog xopupns fabuov 2 (dni. ol dvo
OXUES OVANETO OTLS omtoleg mapeuPdileTon pict xoguen Pabuot 2 aviwabiotovtol amd pic oxpn).
Mopamoeiote 611 N amhomoinon oglpds dev emnEedlet TNV eMTEISTNTA TOV YOOPRUOTOS (ONA. puat
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amhomoinon oeLpdg dev umoel va ndvel enimedo €va yodgnua Tov dev elvar 1) To avtioTQogo). Avo
yoapiuarta eivow ouotouoe@ixd (homeomorphic) av umwoQovy vo asmiomomborvv ge H o LoopopLrd
yoopRuota OLEVEQYMVIOS NOVO ALTAOTOLOELS OELQAS. ALooONTIXG, TOL OUOLOUOQMLXA YQOPTUATOL
elvan “romoloyird 1oodvvopa”.

ITapatneovpe 6Tl dUV0 OROLOUOQPLXA YOUMPLATO. UTOQEL VA, €XOUV SLOPOQETIRG 0LOLOUS ®OQV-
POV %ol axpdv. ‘Opwe 1oyxveL 1o axdhovbo:

Aoxnon 24. "Eotw yoopnuoto G UE n1 OQUYES ®ow m1 OxUES ®ol Ga NE Mo HOQUMES ROl Mo
axés. Av ta G nal Gy elvar opolopoo@ixd, vo detEete 1L ny + mo = ng + my.

Avon. Aot ta Gy »al Go elvor opolopnoQ@Lrd, HETA amtd TS ROTAAMNAES aTAOTOL|OELS OELRdS Oal
meEmeL va. xaTaliEouy va elval loopooexd te To dto yodgenua G. "Eotw 6t to G €YEL 1 ®0QUYES
xal m oaxiés. Iapatnoovne 6t ®dbe amhomoinon oelRds UELDVEL TG00 TOV AQLOUG TWV ROQUPWV
600 %ol ToV aLOUS Tov axudy xotd 1. Emouévmg, ou amhomomoels oelpds dev uetapdiovy ™
dL0pod Tov aELBUOY TWV AXPGV OTTG TOV 0QLBUG TWV ROQUPOV TOV YOAPHUOTOS. Aol 10 G
mooxrvmteL omd 10 G e omAOmOM|oELS OeLRds, elvar m — n = my — nq. Opoiwg yia to Ga,
n —m = ma — ng. EElodvovtag ta do uéhy, §xovne

m|;—mny=my—Ng =N +mMyg=mn9+m; O

To Oewonua Tov Kuratowski eival 1daitega onuaviirs yuoti xaeaxteiCer v ®hdon twv
emimedwv yoagnudrwv pe Pdaon 1o dvo amhovotepo Un-emimedo YOOPHUATO. ZUYRERQLUEVA, TO
Oewonua tov Kuratowski Aéel 1L Eva yodgnua elvor emimedo av naoL povo av Oev TEQLEYEL VITO-
yodgnuo opotopoeprd pe 1o Ks 1 1o K3 3. Me amhd Adyia, #dOe un-enimedo yodgpnuo mo€meL vo
meQLEXEL Eval vIToYQAgNUA “ToTtoloyirnd 1oodUvapno” pe éva amd o dUo arhovoTEQO Un-emimedal
Yooprparte.

IIog amodewnviovpe otL €va yodgnua eival eximedo. YaQyeL évag xatl uovo toomos: AmoTumd-
vouue / “CwypapiCoupe” To yodenua oto enimedo YwElg Vo SLOOTAVQEMVOVTOL Ol ORIES TOV.

g amodeinviovpe o611 Eva yodgnua dev eivan eximedo. ['vwpilete O dVo TbTOUVS (%Ll eV Bt
naBete dMovg!). O mpdTog etvor va deiete 6Tl €xelL TOOO TOMES OrUES WOTE Vo TALROPLAleL Tol
mopiopara Tov Timov tov Euler (BA. mwg amodeiEape o6t 1o K5 non K33 dev eivan enimeda). O
deUteQog eival va xonoLmomojoete to Oewonua tov Kuratowski.

8 Aévroa

"Eva yodegnuo xmeig xixhovg (axvxlxd) ovoudteton ddoog. "Eva axvxMrd ouvextixd yodgnuo
ovoudCeton dévrpo. OL ouveEXTIXES OUVIOTWOES £VOS ddoovg eivan dvipa. OL ROQUYES evig OE-
vipov e Babud 1 ovoudtovran guAla, evd oL 0QUEES ne Pabud peyolitego Tov 1 ovopdlovton
E0WTEQINEG ROQUYPEC.

KdBe 0évrgo pe dvo 1 mepLoodtepes ®oQUEES €xel TovAdyLotov dvo ulka. O Adyog eilvau
omL €va d€vtpo dev Exel winhove. “Eror av Bewprioovpe €va peylotonxd povomdm® (dnhady éva
novomdTL wov dev UmoQel vo emextafel TEQAUTEQ), OL Axes Tov Ba €xouv fadud 1 xow Ba elva
QUALQL

8 Se awtée Tic onueldoEls BEwOUE PGVO amAd HOVOTATLOL EXTGS AV OVOPEQETOL RATL SLOPOQETIAG.

16



Av amd €va 0EVIQo apaLp€ooune €vol UALO (RO TNV TTQOOTITOVOO. OXIY}), TO OLTOTEAECUOL
Ba eivow €va 0€vtoo pe pia axpn xal pio xoguen Aydteges. O Adyog eilval dtL 1 apaipeon PLog
®oQUPNS Oev umopel va dnuoveyroel xuxho. Emmhéov, n agpalpeon wog xooueic ne fadud
gvol dev WIToQEl Vo EMNEEATEL TN CUVEXTIXOTNTOL TOU YQOPHUOTOS YLOTl QuTi 1 ®oQuepny (%o m
TQOOTTTOVOC OXUY) eV PITOEl VoL TApeUPAAETOL 08 WOVOTTATL UETAEY dV0 AAMMY ROQUP®V.

To mapondtw Bedonuo amalOuel Tovg Mo YVwoTovs XoaxTELoUoUs (dnhadri toodivapoug
00LoRoVg) Twv d€vIpmv. YreviuuiCovpe Gt 10 n cuPPOATEL TOV CLOLORG TV ROQUPDV EVOS YQOPT}-
LOLTOG XCLL TO 1M TOV OQLOUG TWV OXUMV TOV.

Oeoonua 1. Ta wapaxdrw eivar icodvvaua yia xdbe amAd un-xarevbvvouevo yodonua G ue n
XOQUPES XAl M, AXUES:

1. To yodonua G eivar dévroo.

2. Kdfe Cevydot xoovpdv tov G evdverar ue povadixd novomdr..

3. To G eivar ehoyrototnd ouvertrd, oni. av apaieebel pia axur, To yodenua maver va, eivat
OVVEXTIXO.

4. To G eivar ovvextind xar m =n — 1.

5. To G eivar axvshixnd xar m = n — 1.

6. To G eivar neyLototind axvxrMxo, OnA. av mpootelel wia véa axuij, To yodenua amoxtd xvxlo.

Anodeibn. Oa amodeiCovpe modTa 6L 1 = 2. AoV 10 G €ival CUVERTIXG, VTTAQYEL TOVAAYLOTOV
€va, Lovomdtt avapneoo o xd0e Cevydol ®0QUEMmV. AV Yo ®Atolo Cevydol xoQuey, elyaue dvo
dlapopeTind povomdria, Bo eiyaue ®vxho: Ta pnovomdrio xdmov Ba Eexmdpllay, apov elyav ®ovi
aQYN, oL ®dmwov Ba Eopryay, apov elyov ®owd Téhog. Ta eviidueoa tuinata Tov Y0 HOVOTTATLHV
amoTeLOVV EVOy RURAO.

2 = 3 To yodpnua eivor GUVERTIRG amd vtdBeon. Aoy €xovue €va ®ou PovVodRG HOVOTdTL
neTo &Y ndbe Tevyoug xoQUEMV, 1) OLpAiQETN WLAS OXUNG CLIQEL T CUVERTIXOTNTA LETOED TV ARQWV
ms.

3 = 4 To yodpnua eivor ouvextird amnd vtéBeon. H amddelEn yio tov agliud twv axpoy eival
UE ETAYWYN OTOV 0OLOUS TV ®oQuUpwV. O WoxvELouds eival Tetoluévos av n = 1. YmoB€tovue
ETAYWYLRA OTL LOYVEL VIO YOUPIUATO UE OLOLOUSG ROQUP®Y KQEOTEQO 1) (G0 Tov 1. Oa amodeiEoupe
TOV LOYVUOLOUS YLOL YOOUpHOTAL UE 1 4 1 ®OQUEES. AQALEDVTOS Mot axiy amd TO YOOPNUOL, OLLQETOL
1 CUVEXTIXOTNTO X0 TTQOXVTTOUV dV0 OUVEXTIXES cuVIoT®OoeS. "Eotw dtL 1 modtn €xel k& #oQueég
xnow 1 devteon n — k + 1. Kow ov d9o ouviotdoeg eivar eEAAXLOTOTIRG OCUVEXTIXES. ATTO emOrywywrn
vd0eon, N mEdy €xel K — 1 axpég o n devtegn n — k axpés. Av ounmeQIAABOUNE RO TNV ORI
oV apopgoape, To yodgnua eixe 1+ (k— 1)+ (n— k) =n=(n+1) — 1 axpge.

4 = 5 Tlpémel va delEovpue 6Tl Eva ouverTvd yodgnuo ue n — 1 axpég dev €xelL winho. Oa
YONOLULOTOooVUE amaymyr] o dromo. Evéow 1o yodpnua €xel ®UxAOUS, OLpOLQOUVUE IO OLXUY|
and €vav ®ixho. Avtd dev emmeediel T ovvexTOTTo TOV Yoopnuotos. To amotéleona elval
EVOL OMVURMARG OUVEXTIXG Yodgnua, ONAad €va dEVTQo Ue m ®OQUYES ®al MydteQeg amd n — 1
oxpES. Avtd amotehel avrticpoon oto 4 (wov €xovpe 1O omodeitel).

5 = 6 Oa amodelEovue Tl T0 Yodpnuo elval cuvextixd (MMAadn ot xdbe Cevydol xoQUEPGV
OUVOEETOL € MOVOTIATL). AUTS alpxel ot | mEooBNxn g vEag axprg dMMULovgyel ®UxAo te o
LOVOTTATL TOV OUVOEEL TAL AXQCL TNC.
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"Eotw k 0 0lBIGS TOV CUVEXTIXDV CUVLOTOOMV TOV YopHiuatos. @a detEovue 1Lk = 1. Apov
10 Yodgmua elvar axvrhrd (€xovpe dNAad dAoog), vdBe oLVEXTIXI TOV CUVIOTMOOO Elvar EVTQO.
"Eotw n; 0 0glOuds Twv xoQue®V TS CUVEXTIXNG OUVIOTDOAS 2, ¢ = 1, ..., k. Agov moxeLToL yio
OEVTQO, N CUVEXTIXY CVVIOTWON ¢ €XEL My = Ny — 1 axpég (amd to 4 mou €xovue NN amodeiEer).

Etvou
k

k
n—l:m:Zmi:Z(ni—l):n—kikzl
i=1 i=1
H nodm 1o6mta oyver amd v vébeon 6w m = n — 1, ®otL 1 Tehevtaio LodTTo TOWV ™)
OUVETOLY WYY YLOUTE Zle n; =n.

6 = 1 Ilpémel va detSovpe OtL ®dOe PEYIOTOTIRG arVRMXO Yodenuo elvar ouvextixd. "Eotw
&0 #OQUEPES U %o v EVEE 1 OVVERTIXOU dxruxhov yoapijuatos. H mpoobrixn e axwis {u, v} dev
IMuovEYyel #xho. ZUVET®DS, OV TO YOAPNUOL OEV VOl CUVERTIXG deV UIOQEL vl elvol HeYLoToTINd
OXURMAO. a

Eival mohV onuavtizd va xatavonoovpe 1o Oewonua 1 xat tyv amddelEn tov Yot ovola-
oTxd, €ENyovv T lvon 0€vTo xal moLES elval ol Paoctxég WWomTég Tov. Emlong, ol texvirés mov
YONOLUOTOLOUVTOL 0TV amtdeLEn eivol 1LTEQA YONOWES OTNV EXIAVOT OLOXOEWV.

Ta mogoxdim mogiopata mpoxrUmTovy evrola omd 10 Oewonua 1. Apyvetal cov doxnon 1
dratimwon TAEovs amédelENS Yo xaBgva amd outd.

Ilootopa 1. Kdbe amAd yodonua pe n x0QUQES xat n axués Exel TovAdyiotov éva xvxio.

Ilootopa 2. Kdbe yodonua ue n x00ueés xat Ayoteges amo n — 1 axués dev elvar ouvexTixo.

8.1 Iagadeiypata rar Aoxnijoelg

To mijoes duueés yodgmuo Ky, ¢ elvon dévipo avv elte k = 1 eite £ = 1. To Ka o €xeL ninho
(etvon ovoroonrd 1o Cy) now dev elvor dEVTQO.

Kd06e dévtpo eivan dupepes yodgnuo. Eextvdue Balovrog e xopuen ot deELd ovvolo, Toug
YELTOVES TNG OTO OQLOTEQD, TOVS YEITOVES TV YELTOVMV TS 010 deELd, ®ox. H dadirwacio elval
tooduvoun ue mv Avatimon xatd [TAdtog. Aot 10 dEVTEOo eival CUVEXTIXG GAES OL ROQUYES B
umwovv og €val amd to. dvo ovvoha. Emeidr] to yodgnuo eival axvxMxo, to deEL0 %ol T0 aQLOTEQS
ouvolo elvol ovvoha aveEapmoiag.

KdaBe dévrpo eivoun emimedo yodonua yiatl dev mepiéyel xuxiovs. "Etor dev pmopet va €yel
yodgnuo opotopnoepued ne 1o K33 1§ 1o Kx (ta omoio €govv #inhovg). Ta dévrpa amotelovv
™ Boowi mepimtwon oty amddelEn Tov Timov tov Euler pe emoywyr] otov aolBpd tmv SPemv.
ZUYRERQLUEVA, EVOL OEVTQO e 1 ROQUYES ExEL Uict SYm (TnV eEwTepni}) v n — 1 anuég. Zuvemmg,
n+1=(n—1)+ 2 énwg amatel o Timwog Tov Euler.

Mo axun €VOS YOAPTUOTOS OVOUALETOL ax it} TOUTIS OV 1 pALiQEOT] TNG OLQEL T1 CUVEXTIXGTNTOL
(wwodvvapa, av dev eivar Yépuoa). Kabe axun evog dévigov eivor axpny touns (Loodvvaua, xopio
oxun evog 0€vtpov dev eivar yégpuoa). H agalpeon wag axung eveg d€vipov dnuovpyel dvo
OUVEXTIXES OUVLOTWDOES: 1 WO TTEQLEYEL TO €VOL AXQO TNG OXUIS TTOU OpoQ€Omxe %ol | dAAn To
dzvo. Emtiong, n mpootnxn mog axuig o €vo 0€vigo ONULovEYel Evay amhd ®0xAo amoteAovpevo
OGS TN VEO OXUT] ROL TO MOVOTATL TOU OUVOEEL TAL AXQOL TNG.
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Aoxnon 25. "Eva dévrpo €yl do giulha av %ol uévo av eivor €vo othd HovomdTt.

Avon. Kabe amhd povomdrt eivor 0EvTQo ra €xel OU0 @UAML, TOL AXQO TOV. AVTIOTQOQ, OV EXOVIE
éva, 0évipo G(V, E) ue n #0Quepgg, névo 8o amd g omoies eivar pUAha, ®A0e e0mTEQRY ROQUYN
Tov dEvTEov €xet Babud 2. TTpdypott, To dBgotopa Tmv BABIMY TwV oQuepdv eivaw Y, i deg(v) =
2(n —1). "Eotw u; %o ug 1o @Ak (to omoia €€’ ogtopot €xovv fabud 1). Tote

Z deg(v) =2(n — 2)
veV\{u1,us2}
A@ov oL e0mTEQIRES ROQUYES elval n — 2 xow €xovv Babud ToVAdYLoTOV 2, 0 HEVOS TEOTOS Vol
LOoYVUEL M TOQATAV® LoGTNTAL Eivol OAES OL ECWTEQIRES ROQUPES VA €xouv Babud 2. Zvverdg, 1o
vodpnuo eivor €va omhG LOVOTATL LE T XOQUES. ad
Aoxnon 26. "Eva dévrpo pe puéyioto Babud k €xel tovddylotov k guUila.
Avon. "Eotw £ o agBuds twv gidwv. "Exovue tovkdyiotov 1 xopugri ue fabud k, n — £ — 1
ROQUEES Ue Pabud tovhdylotov 2, o £ xopupés pe Babud 1. To dBpowoua Twv Babudv eivor

2(n — 1). Emopévog, €xovue

2n—1)>k+2n—L—1)+L=k+2n—-1)—L=C>k

IMhad o aLBuds Twv UMWY dev NTOQEL va. vitolelmeToL TOv PEYLOTOU PaOROY. O
Cevirdtepa, av €va dEvIpo PE 1 ®OQUYES €xel NGVO UALA ®o ®0QUYES Pabuov d, téte o
‘ . ‘ p _ (6—2)n+42
aQLBpds v UMY, otw £, elvon £ = 25—,

Aoxnon 27. "Eotw dévtpo ne 4 »opueég Pabuov 10. ITotdg eivar o eAdy1otog apduds puAlwy mTov
vrtdyouvv oto 0€vto; (Amdvinon. Tovkdyiotov 34).

Aoxnon 28. "Eotw dévtpo ne 2k @ulha, 3k ®opupés Pabuov 2, kot k wooupés pabuov 3. Ildoeg
ROQUEPES €xEL TO OEVTQO;

Avon. O cuvoMrdg apLBuds Twv ®0QuEdV elval 6k xal to dBootopa Twv Pabuwy elvor 11k, Ioyvel
6w 11k = 2(6k — 1) = k = 2. Anhadij 10 dévtpo €xel 12 xoQupés. Agivetal oov doxnon 1
QTEOVLON OUTOU TOV dEVIQOV. ad

Aoxnon 29. "Eotw yodgnuao pe n oQupés, m oxpies, ®ou k ouvertinéc ouviotdoes. No delEete
ok >n—m.

Avon. Aol xdBe yodgnua €xel TOVAAYLOTOV 1 OUVEXTIXY OUVIOTMOOO, 1] AVICOTHTOL €IVl un-
TETOLUEVN NOvo Stav m < n — 1. Oa YONOLWWOTOWCOVIE ETAYMYY] OTOV Aol Twv axpudv. ‘Otov
dev vmdyeL roptor oxpy) ®or m = 0, €XoVUE N ATOUOVOUEVES ROQUEPES IOV RaBEUI0L GUYRQOTEL
uior ouverTkg ouviotoo. Eropévwe, n aviodmta woyvet yioo m = 0.

To emaywywo PRuc TEoxrVITTEL EVROAA OIS TO YEYOVOS OTL ILaL VED, XU OUVOEEL ROQUEPES TTOV
Boloxovtor elte oty (L0l CUVERTIXY OVVIOTMOO, £(TE 08 QU0 JLOPOQETIRES CUVERTIXES GUVLOTWDOECS.
2TV TOMTH TEQUTTWON O CELOUGS TWV CUVEXTIXDV CUVLOTWONV TOQOUEVEL AUETABANTOS, EVX OTN
devtepn meQ(mTWOoN 0 AQLOUGS TWV CUVEXTIXDV OUVIOTWOWV UelwveTol xatd 1. "Erol n petofoin
OTO 0QLOTEQS UENOS TNG OVIOOTHTOS Elval neyoliteon 1 (om amd ™ uetafoir] oto deEL6 g nélog
%O 1) AVLOGTHTOL oUVEYICEL vou LoyveL. H dlomimmon Twv AeTTOREQELDOV apnveToL wg doxnon. O
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Aoxnon 30. "Eotw 3évdpo T pe p; »oQueés Pabuov 4, ¢ = 1,...,k (k elvow o uéyiotog fabudg
tov T'). No amodeiete 611 0 0QBuds Twv @ullmv divetar and ™ oxéon 2 + p3 + 2ps + 3ps +
.+ (k — 2)pk

Avon. O aplBpss Twv QUAA®Y givor pi (aLBUOS Twv 20UE®V BaBuov 1), o cuvolxds oSS TV
roQUQWYV tov 1" elvan p1 + p2 +p3 + . . . + pg, ®o 10 dBoLoUA TV BaBuwy Tovg elvor p + 2 ps +
3ps+...kpr . Apovto T elvar d€vtpo, 0 aQLBUMY TV OxU®VY Tov givol p1 +p2+p3+...+pr — 1.
Suvemwg,

p1+2pe+3ps+...kpr =2(p1+pe+ps+...+pr—1) = p1 =24p3+2ps+3ps+...+(E—2)pi

mov eival 1 Inrovpevn oyéon. ad

9 Aévroa pe Pita

Av oplooupe (oL xoQuEN Tov dEVIQOV gav oita, ToTe €xovue €va 06vTo ue oita.

e €va d€vtpo ne piCa, oL Tedyovor Jog ®ROQUPNS v lval GAES OL XOQUMES OTO UOVOTATL Ot
™ olCa mpog ™ v. O marépag ™S v elval 0 WOVAILXRGS TEAYOVOS TToV €xEL axi TEOog TS v. Ol
aIFyovor TS v VoL GAES OL ROQUPES YLAL TIS OTTOlES N ¥ amotelel wdyovo. Ta matdid g v eivou
OAES OL XOQUEES YLOL TS 0moies N v amotelel matépa. Ta adéigia g v elval Gheg OL ROQUEPES TOV
gxouv xowd motépa ue ) v. To fdBos g v elvol To PHHOS TOV POVOTTaTLoU amd ™) el TEOS ™)
v. To vog evig dEvtpou ne ita elval to PEyLoto PAbog evag gilhou Tov.

"Eva §évtpo pe oo ovoudleton m-adixd dtav ®ae xoguen €xel 1o mohd m mwoudid. "Eva m-
adx6 dévrpo ovopdletan yeudro (full) ( xavovird) Stov xdBe e0mTEQIXT OQUEPY €XEL OXQLPUS
m mwoudid. H oCa evog xavovinol m-adirot d€vipov €xel BabuUd m ®ol oL VITOAOLTTES ECWTEQLXRES
ROQUYES €xouvv Babud m + 1. "Eva m-adwmd dévigo ovoudletan mAjoes (complete) dtov eivou
YEWATO %o GACL TOV TaL PUALDL €Y0oUV oxLB®S To (0o PdBog. "Eva m-adind dévtpo typoug h €yel
Tovhdylotov h + 1 wopuepés. Eniong, €xet 1 xopupn tyoug 0 (tn oiCat), To ToM m ®oQUEES Mpoug
1, T0 TOMS ™% ROQUPES TYPoC 2, . . ., %o To oM m xogupéc Hpoug h. Suvohnd, To dEVTQO ExeL
TO oMY

h . mh-l—l -1
X:mZ i KOQUPEC.

- m
=0

mh+tl_1
m—1

h

MdMota, To TAeeg m-adird d€vigo v Youg h €xel axQLpwg ROQUPES S TS omoileg m
glvau (UuALaL.

Me Bdon To maomdve, #d0e dvadins d€vipo Hpoug A €xel To ok 2" ko xat cuvolrd
10 okt 271 — 1 nopupéc. To mhrjoeg duadins dévtpo tpoug h €xel axolpide 2! — 1 xopupée
and g omoleg 2" elvar godha won 2% — 1 eivon ecwtepixéc. Aviiotpoga, %GO dvadd d€vipo ue
1 ROQUYES €Yl VPog TovAdyLoTtoV [logy(n + 1)] %o to mohd n — 1.

To dévroa pe piCa dev elval WLaitepo onuavixd amd Bewentwng droyng. ‘Ouwg, ta m-adixnd
(vow WOaTepa Tor duadind) d€vtoa pe PICa EXOVV TOAD ONUOVTIRES TTQARTIXES EPAQUOYEG.
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9.1 Avadizd Aévrpa Avaiitnong

Ag Bewpnoouvpe €va duadind SEVIQO IOV 0L ROQUEPES TOV TEQLEXOUV OTOLYEIDL YLOL T OTTOlOL LOYUEL
woe oxéon peprrnig dudtagng. Ta otowyeiot pmwopel va elvan apuBpol, yoduuoto, AEEELS, 1 YeEVIRO-
TEQQ V0L ATTOTEAOVV TOVS ROVAILROUS RMIROUS (RAEWDLA) TWV EYYQOPHV OGS OXEonS o€ o fdon
dedouévav.

“Eva t€t010 d€vtpo ovopdletol dvadmd dévroo avalijtnons Gtov To OToLyEl0 RAOE ECWTEQLRNG
ROQUEIC €lvalL LEYAAUITEQO QTG GACL TOL OTOLXELDL TOV CLOLOTEQOU TNS VTOOEVTOOU (A TO VITOdE-
VTQO0 Ue G T0 aELoTeES TAdL TG ROQUEPIIS) RO MXQOTEQO amtd GAat T otolxeiot 0to deELS g
VtodEVTo (. 10 VTOdEVTEO te PICa 1o eELS madL TG ®OQUPNS)

H amobixevon tov otoeiwv oe éva Luyiouévo duodind dévipo avalimone’ emrpémel my
gUROAN %o YOYoEN avalntmon Tovs. Av to ototyelo mov Intdue elval wxAdTeQo amd TO OTOLYELD
ULOLS XOQUPNIS, TTOOXWQEOVUE OTO CELOTEQS TS TAdl. Av elval HeyaliteQo TEOoYWEOovUE 010 0eEL0
™G maudi. Avt 1 (avadgomxi)) dtaduwaoia Eextvdel amd T oo xow ouveyiCeton PEyoL va foovue
TO OTOLYELO 1] VOL UMV UTOQOVIE VO. TTOOYXWEYCOVIE dANO. 2T OeUTEQN TEQITTTWON, CUUTEQALIVOUILE
ot to {nrovuevo otolyeio dev vdEyel 0To OEVTQO.

I va xotooxevdoovue €va dvadind d€vipo avalitmong, elodyovpe xdbe véo otouyeio (rov
dev vdyel 1ON oto d€vio) oto onueio mov Ba meQLUEVaNE Vo To Povue. Me diha Adyla, To
VEO OTOLYE(O ELOAYETAL OOV TTALOL TNG ROQUYPYS OTNV OTTol0L AL 0O YNOE N TOQATAVM dLadiwacio
avatymong. To véo otoryeio yivetow aprotepd (9eEL6) moudi av eivon wxrEoteQo (aviiotoyo we-
YOAITEQO) TG TO OTOLYED TNG CUYXREXQLUEVNS ROQUPNC.

Aoznon 31. "Eotom rovovird m-adind d€vIo Ue 1 xoQUEES, amd TS omoleg oL £ elvol guAlaL %ot
oL i ecmTEQES 20QUYES. Naw amodeiEete i () n = mi+ 1, (B) i (m — 1) = £ — 1, now (y)
ml=(m—1)n+1

Avon. T 1o (o), TUEOTNEOVIE OTL GAES OL ETWTEQLHES ROQUPES EYOVV eEEQYONUEVO BaBUS m %o
ToL UM €xouv eEepyduevo Pabud 0. Zvvemae, To dBgoloua Twv eEeQyOuevwV Babudv eivor 7 m.
AmS TV dA, To dBoLopa Twv eEEQYOUEVDV BaBudV elval (0o pe Tov oS Twv axpdv, dnhadi
e n — 1. Zvvendg, n — 1 = ¢ m Onwe amouTelTaL.

To (B) mooxvmrel amd 1o (o) Oroviag n = ¢ + £. To (y) mporvnrer and 1o mé = mn — m1
avuxoBloTovtas pe mi =n — 1 amwd 1o (a). a

Aoxnon 32. "Eva dvadixd dévrpo avalimong ovoudletor AVL-0€vipo Stav 1o vyog tmwv dvo
VITOOEVTOWYV ®AOE £0WTEQIXYS ®0QUPNS dLapEpel To oA ®atd 1. Na amodelEete 611 0 0pLOUSS
rOQUP®V 1 eVEg AVL-0€vtpov pe !pog h emalnBevel v aviodTnto:

Fho<n<2Mt_1q

6mov Fy 41 elvon o (h + 1)-0016¢ G005 g axorovbiog Fibonacci. YrevOvuileton 6t n axolovbio
Fibonacci opiCetan amd v avadgouxn oxéon Fi, = Fi_1 + Fi_o, yio ®40¢ @uoixd aobud k > 3,
ne aywés ovviiureg F1 = Fy = 1.

? Aépe Su éva Suadind dévipo avalimong pe 1 ropuEEe sivar Luytopévo dtav to tpog Tov eivan O(log n).
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Avon. O peyohitepog aplBuds ®oupdv cupfaivel dtav €xovue To TAEES dvadind dEVTQO ne VPog
h (to m\jpeg duadd dévrpo elvar éva AVL-9€vigo yiorl o dvo vmodévipa ndbe e0wTEQLUNG

2h+1 _ 1 nopupéc. Suvemie, wdOe

ROQUEIS €OV TO B0 Vog). To mhnpes duadixd d€vpo €xeL
AVL-8évtoo pe vpoc h éxer n < 2P+ — 1.

[iat to xdtw pedyua, paouitovue pobnuotiey exaymyn oto tpog Tov dévipov. "Eotw nmin(h)
0 €AAYLOTOS aELOUGS LGS ®oQUP®V eveg AVL-0€vtgou ue pog h (oatngeiote Gt 1 moos-
TNTOL Nmin(h) OeV UTOQEL Vo PeLdVeToL 600 0WEGVETOL TO VPOg ToV dEVTOOV). Oa arrodelEovue GTL
Nmin(h) > Fpri1. ‘Otay 1o 0yog eival uxpdteo 1 (oo tov 1, to dévrpo Ba €xel tovhdylotov pio
20QuY. ETopévmg woytel 6t nmin(1) > Fo now nmin(0) > Fi. YroBgtovue emaymyixd 6t loyveL
T0 Tnrovpevo yio xdBe dEVIQO pe VYog PrEOTeEQO 1) (00 Tou h, %ow Bemovtue OEVTQo e MPog
h+1 > 2. TTpénel va. amodelEovpe 6Tt Nmin (b + 1) > Fjy40.

T va éxer n olCa vog h + 1, mpémet TOVAALOTOV €val oS TaL VTOOEVTOOL TS VoL €XEL VoG h.
A6 tov 0plopd Twv AVL-8€évipwv, 1o dhho vmodévrpo Ba €xel vyog tovkdytotov h — 1. Tlapa-
™eovue eniong ot Ta dvo vrodévrpa emalnBevovy Tov opond Twv AVL-dévipwv. Eropévwg, o
eAALOTOS 0LOLOIOS ROQUP®V YL, €VaL TETOLO OEVTQO €lvauL:

nmin(h + 1) > nmin(h) + nmin(h - 1) +1> Fh+1 + Fh +1> Fh+2

(dnh. 10 dBgoLopa TOv EAAYLOTOV ORLOBUOY TWV XOQUPMDV TwV dVo VTodEvipmy ouv T iCa). H
devtepn aviodTnTo EmETal ot TV emaymyxn vté0eon. Emougévmg, #dbe AVL-0évtoo ue vyog h
éxevn > Fpyq.

AoyaolBuadvrag, ToxvmTel 6Tl T0 Vpog evog AVL-8€vtpovu ue n ®xoQuepés (N n oToLyelo apov
TEOxEITOL Yiot €va dvadiwd dévtpo avalimong) eivar O(logn) (yiow v axpifela woyvel 6t
loga(n +1) < h+1 < 1.44logy(n + 1)). Anhadi amodeiEane dn ta AVL-dévrpa eivan Cuyt-
ouéva dEvtoa. O

9.2 Awerevoelg Aévigov

Ynrdoyovv (TovAdyLotov) Toels dlopoeTirol cvomuatixol avadgourrol todmol (diehevoelg 1 do-
oyloglg - traversals) vo. TUTDOOUNE OAES TIG ROQUEPES eVAS duadirov dEVTQOU ne Ita.

H moo-diatetayuévy diéhevon (preorder) Aettovgyel avadgoutrnd Turdvovios mowta ) PiCa,
UETA TaL oTOLYE(D TOV AQLOTEQOV VITOAEVTEOV, ROl TEAOS TO. OTOLXElDL TOU AEELOU VITOdEVTQOV. SVt~
Bolnd PiCa-Aplotepd-Aetl.

H evdo-duaterayusvny diéhevon (inorder) Aettovgyel avadQOURA TURHVOVTAS TEMTL TOL OTOL-
yelo Tov ApLoteoy vodévtpov, netd ) PiCa, xaw téhog ta otoryeia tov AeELov vodévrpov. Zup-
Boiund ApLoted-Pila-AeEl. ‘Otav €xovpe éva duadird dEVIQo avalitmong, 1 evOo-OLoTETOYUEVN
dLéhevon TumdVEL TaL oToLyeia Tov dEvTgov o avEovoa oelpd. H aviiotpogn evdo-diatetayuévn
duélevon Ae&i-PiCa-Agloted oe pbivovoa oelpd). Autd umoel vo amodetyOel evrola ne ema-
yoyn oto 1pog tov d€vipov. H amddelEn agnvetal cov doxnon oTov avoyvaoT).

H uerd-diarerayuévy diéhevon (postorder) Lettovpyet avodQOWKA TUTIHVOVTAS TTQWTOL TCL OTOL-
yeta Tov AQLoteQov VodEVTEov, PETA T, otolyelo Tov AgELov vrodévtoov, xal téhog ™ PiCa.
Zuupolxd Aploted-AeEi-PiCa.

Iapatnpeiote 6tL 10 AQLOoTEQS VITOdEVTEO TTEONYETOL TTAVTO ToV AEEL0U. O PvynuovVIXGS ®ovo-
vog givon 6L To TEobepa wov xaBoeiCet To idog g déhevong (mo-, evdo-, netd-) deilyvel mote
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eEerdlovpe ™ Pila oe ox€on pe ta otoryeia Tov AQLoteQoy xow Tov AgELov vodévigov (moLy,
evOLAUEDQ, HETA).

10 Xvvdetind Aévroa

KdaBe vmoypdgnua mov eivar d€vtpo xaw megrhapfdvel (ouvdEel) GLeg TG OQUYES EVOS YQOPT}-
LOTOg OVOUdLeToL ovvdeTind évTeo (spanning tree) Tov YQOPTULALTOGC.

Oenonua 2. ‘Eva yodenua eivar ouvextixd av xat uovo av €xet éva ovvoeTixd O6vroo.

Anddei&n. Av vrdyel Eva, VTOYQAPNILOL TTOV XOAUTTTEL OAES TIS KOQUEPES TOU YQOPHUATOS KOl EIVOLL
O€vTEO (doa ouverTIkg), ToTE TO YRdpNnua dev Pmoel Tod va eivol CuveXTIXG (apov 1) TEOoHN XN
GAADV OXUBV “EVIOYVEL” TN CUVERTIXOTNTO).

Av 10 yodgnua elvor ovvextnd, Bewpovue €vo vmoyodgnua T mov oQyLrd CUNTITTEL UE
to yodgnuo. Emopévwg, to T wohimrelr OAeS T ROQUEES Tov yoophiuatos. Evéow to T' €yeu
2ORAOVG, OpoQovue o oxur) wov Poioxeton oe xuixho (dnhadn pia axpr mov dev elval Yéguoa).
To T MAQAUEVEL OUVERTIHG POV 1] OLPOLQEDT PO CRUNS OV Poloxetol o€ wUxho dev aipel
ovvexTrdmra. Avty 1 dwaduxaoto ohoxAnodvetal dtav 1o 1" yivel axvnxd. Ze avty ™ @don,
T0 T moQAUEVEL OUVEXTIXRG (OTTO TNV XOTOOREVN) RO OUVEYICEL VO ROAMITTEL GAES TIS ROQUYES TOU
0QYL*OV YOOLPNUATOS (0lpoV TTOTE OEV CLPOLLOETOUE RATTOLL XOQUYPT]). ZUVETHDGS, TO VITOYQAPNUOL TTOV
TEOXVTTEL At cvth T dtadixaoio elval €va ouVIETIRG OEVTQO TOU OYLXOU YOAPYUOTOS. ad

An6 10 Oedonua 1, xd0e ouvdeTIRS dEVTQO EVOS YOAUPYUOTOS UE 1 HOQUPES €xel 1 — 1 anES.
Me dla Ay, oo Ta CUVIETIRG OEVTQAL EVOC YOAPNUATOS EXOUV TOV (010 aptfud axpdv. H and-
OELEN TOV OewENUATOS 2 JIVEL EVaLY TOOTTO VOL VITOAOYICOVPE €VOL GUVOETIRG OEVIQO EVAS GUVERTIXOU

YOOPNUOLTOG.

11 k-Ilogdyovres »ar Targiaopara

"Eotw yodgmua G(V, E). "Eva. emtrolimrov (spanning) vroyodgnue: Grtov GAES oL XOQUEES €XouV
pabus wxpdtepo N oo Tov k ovoudletan k-maodyovrag tov G (k-factor). “Evag k-mopdyovtog
ovoudteton tédetog (perfect) tav Gheg oL xoQuEEg €xouvv PBabud axppag k. OL mo onuovTivot
TOQAYOVTES EVOS YOOPHUOTOS ElVaLL Ol 1-TT0lQAYOVTES %Ol OL 2-TTOQGYOVTES.

M duapépLon Twv xoQuEdV Tov G oe amhovs ®UXAOUS ROl ATAd LOVOTATLO. CUVLOTA VoV
2-mopdyovra. Miow SLlopEQLOTN TV ROQUPMY Tov G 08 ®URAOVS oUVILOTA EVay TEAELD 2-TTOLAYOVTCL.
“Evag ®vxhog Hamilton amotehel €vav télelo 2-mapdyovra (1o RAAMOTO OUVERTIXG). AVTIOTQOQA,
®d0e ouverTvGS TELELOS 2-TOQAYOVIOS €VOS yoapnuatog eival xixhoc Hamilton. Emopévag, o
VIOAOYLOUGS TOU TELELOV 2-aQAYOVTOL UE TOV EAAXLOTO CLOLOUG RUHAWV/CUVEXTIRDV CUVIOTWOHV
anotelel LoodUvapo TESPANUa ne To vo amogaviolie av €va yodgnua €yel ®»vxho Hamilton.

O 1-mapdyovieg tov G ovopdlovion tatotdouara (matchings). Ioodvvaua, €va vwoovvolo
oxpdv M C E ovondCetal taipiooua tov G étav xdbe xoQupt] EpATTTETAL 08 (id TO TOM axun
tov M (ne amhd Aoyua, o oxpég tov M dev €xouvv xowvd dxoa). Oa AEpe OTL (oL X0QUET TOU
eqdmreTol oe axpi 1ov M €yel Talor ) eivon tatptaouévy (matched) oto M. Mo xopugrj wov dev
€yeL TalpL Bo Aépe ot elvou edevibeon (free) oto M.
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Téhera, Méyora, zor Meytototzd Tagudopare. "Eva taigiaopo ovopdleton tédeo (perfect
matching) tav 6leg oL ®oQUEES €xovv taipl oto M. "Eva talpiaona ovoudCeton uéyioro (maxi-
mum matching) av dev vrdyel Talplaona pe neyolitego abud axpwy. Kabe téheto taiproopa
glvow néyLoto, ahhd to avtiotgopo dev woyvel (va dwoete ovyxexpuuéva mogadelypnota). "Eva
talolaono M ovopdleton ueyiototixd (maximal) av dev vrdoyer axui oto E\ M (dnh. extés M)
7OV VoL €€l EAEVOEQES ROQUYPES TV AXQOL.

Mpdraon 2. ‘Eva taipiaocua M eivar ueyiototixd av xar uovo av ot elevbepes xoouepés oto M
amotelovv éva ovvolo aveEaprnoiag.

H ITpdraon 2 mpoteivel Tov axdhovBo omhd alyoolOpo yio Tov VToAOYLOUS EVOS WEYLOTOTL-
%0V TOLQLAOUATOS. EeXLVAUE e EVa 0ToLodmoTe Tollplaopa (TT.y. ®e€V6 ovvolo axpdv). Evéow ou
eAEVOEQES ROQUYPES TOV TEEYOVTOS TAUQLACUOTOS OV amoTeAOVY ovvolo aveEaptnoiag, mEoobE-
TovpEe oL axpn ue elevbepa dxpa oto taiplaona. ‘Otav ohorknpwbel o akydpBuog, €xovue €va
UEYLOTOTLXO TOLLQLALOWCL.

Evollaxtnd zor EravEnuxzd Movordtia. "Eotw M taipiaoua oto yodgnua G(V, E). “Eva po-
vortdtt Tov G Tov 0molov oL 0xPES evolldooovtal oto. ovoha B\ M now M ovoudCetan evatla-
»Tix0 (alternating) povomdtt yio 1o M. "Eva evodhaxtind povomdtl ie dxroa eLeVOEQES ROQUPES
ovondteton emavénrixd (augmenting) povomdtt yie o M.

"Eotw p €va emoEntind povomdat yio to M. ol axpég tov p mwov dev avijrovy oto M dev €xouvv
®OWd dxoa, yLoti ov axpég tov p \ M xaw tov M evaihdooovion. Erouévag, ot axpés tov p \ M
ATOTEAOVY TOLQLAOUOL RO RAAVTTOVY GAES TIS ROQUPES TOv p. Ou arués tov p \ M eivaw »atd pio
TEQLOOAGTEQES amd TS axUéS Tov p N M, yiatl Ta dvo dxpa tov p eivan ehevBepeg xogupés. Ol
TOLOLAOUEVES ROQUPES ato M\ (p N M) glvan dlapoQeTIRES ONG TIS TAULQLAOUEVES ROQUEPES OTO
p\ M, agot to M \ (p N M) anoteleiton amd 1g axpés tov M mov dev avijrouy oto p. Zuvendg,
10 ovvoho (M \ (p N M)) U (p\ M) amotehel taioraoue oto G o €xel | M| + 1 axpés (dnhadn
uior oxpy meELoodTeEn ol to M). ARG T0 YEYOVOS AUTO TTQOEQYETOL 1) OVOUAOIC TOU ETOVENTIROV
LOVOTTOLTLOV.

IMapatneovpe 6t to avivolo (M \ (pNM))U (p\ M) tavtiCetal ue to obvoro (M Up)\ (M Np).
To tehevtaio amotehel ™) AeYOUEVY ovuueToixt] diapood Twv ovvohwv M xol p. YrevOuuilovue
ot 1 ovppeTorr] dtopod Twv cuvehwv M xal p cupPoliCetan pe M & p xou amoteleitan amd Gho
Ta dLapoeTnd otoLyeio Twv dvo cuvolwv. Katalijyoupe Aowtdv oto axdrlovBo oupmégaoua.

Iodraon 3. i xdbe taipiaoua M xai xdOe emavEntixd uovordrt p yia to M, to M ®p amotelel
taiplaoua ue | M| + 1 axués.
Xagartnotopos Méyiotov Tapraopdrov

Oedonua 3 (Berge). ‘Eva taiptacua M elvar uéyiorto av xar uovo av dev vadoyer exavinrixd
uovomdri yia to M.

Amodeién. "Eorw M taipwaona oto yodgnua G(V, E). Ioodvvaua, Bo arodeiEovpe 6t to M dev

glvol EYLOTO av %o Vo v VLAY EL ETAVENTIXG ovordTl yiot To M (ovTlBeTo-avTLotQopn).
Av vrdyel emavENTIXG novortdtt p yio to M, €xovpe 1dn amodelEel (Ipdtaon 3) dtuto M Sp

amotelel Talgiaono ue o axpy teQLoodteE amd to M. Svvendg, 1o M dev elvou péyioto.
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T 10 avtioTpogo, €0tw 6t to M dev eivor néyloto xat éotw §va uéyloto taipwaopo My
10 yodgnua G(V, E). EE ogiopov eivan |M'| > | M| (dnh. 1o M’ éxgL mepuoo6tepes anués amd 1o
M). Zro vroyodgnua G(V, M U M'), »a0e »opugn €xel Babud mxpdtego 1 0o tov 2. Anhadn,
10 M UM’ givon évag 2-napdyoviag tov G. Aga to G(V, M U M') amoteheiton and (amhots)
#0hoVg %ot (amhd) povordTia 0to 0oioL oL axpEg Tov M’ evalhdooovial pe Tig axugg tov M
(eme1dn] wow o M’ »ow M elvan TouQuaopota).

IMapampeovpe 6t #abe wixhoc oto G(V, M U M') gyeL ido aplbué axpdv ané 1o M xon
10 M’ #ou 611 POVo £vo OVOTIATL UTOQEL VO €YEL TEQLOOGTEQES OXUES ATt RATOLO artd T, dVo
touprdopara. Enedr howdv to M’ éyel meploodtepeg axpés and 1o M, 1o G(V, M U M') moénel
Vo, TEQLEYEL LOVOTIATL P OTO 0700 OL axPES Tov M’ vo. elvon meQLoodTeQes amd TS axpuéc Tov M.
Aot oto p evalhdocovtar ot axpéc Twv M’ wow M, o pnévog 1oémog va. ouuPel awtd elval ot
Oy %o TEM®Y oxpj Tov p va avirovv oto M.

Emopévog, ot axpés tov p evaldoooviol ota B\ M xow M, »ou to dxo. tov p eivor ehetibeoa
oto M. Apa. o p elval emavEnurd povomdtt yio to M oto yodgnua G. ad

To Oewnua Tov Berge mpoteivel v axdhovdn uebodoroyia vroroylopol evog HEYLOTOU TalL-
QLAOUOTOS: EEXLVAUE UE EVOL OTTOLOONTOTE TOIQLOLOUL (TT.). TO REVO OUVOAO ORIV 1] €VaL UEYLOTOTIRG
taipraona). “Eotw M to té€yov taipiaoua oe xd0e Prua Tov alydpBuov. Evéow to M dev eival
UEYLOTO TORLAOUA, Poloxovpe Evo eTAVENTIXRG povomdtt p (To Oedonua 3 eyyvdrol TV VmaQEn
EMOVENTIXOU HovoTaTlov). Avitrabiotoipe To Te€xoV Taliplaoua pe to M @ p, mov elvol TalpLaopa
%Ol EXEL O ORI TTOQOTAV®. ‘Otav N mopartdve dtadiraoic, ohoxAnowbel, €xovue Eva, LEYLOTO
TOLQLOLONOL.

Avotuydg, 1 amodelEn Tov Oemwenuatog Tov Berge dev eilval xoatoorevaotiny ogol dev me-
QLYQAPEL TTWS UTOQOUE VO VITOAOYICOUUE EVa. ETAVENTIXG LOVOTTATL YIOL €VOL TOIQLOLOUOL TTOU dEV
elvo uéyloto.

12 Xivvora AveEagtnoiog #zoar Kalvppore Kogugov

"Eva ovvoho xopugpdv S C V' evdc yoagpiuatos G(V, E) ovoudietar ovvolo aveaotnoiag (in-
dependent set) av dev VIAEXOUVV OXUES UETOED OWTAOV TwV ®oQUP®V. "Eva ovvolo aveEagtnolog
elvou uéytoro (Maximum Independent Set - MIS) Gtav to yodgmua dev €xel 0Uvoho aveEapnotog
LE TEQLOOOTEQES ROQUYPES. O aplBUSS TV xoQUPMV (1] To HEYEHOS) Tou PEYOAITEQOU CUVOAOU
aveEaptnoiog ovondletan apbuds aveEagrnoias (independence number) Tov yoagpipoatos G xow
ovufohiCetan ne a(G). "Eva otvolo xopuepdv S eivar oivoro aveEapmoiag oto G av xot pévo
av 1o S eivau o xhixo, Snhadi éva mjoec vtoypdgnua, 0To cupTANEmUATIXG Yodenuo. G.

“Eva otvolo xogupav C' C V' ovoudletan xdAvuua xooupay (vertex cover) otav xdfe axpn
TOV YOOUPUATOS EXEL TOVAAYLOTOV €val ol ToL dxpa s oto C. "Eva xdhvppo xoQuepdv givor eAd-
ytoto (Minimum Vertex Cover - MVC) 6tav 1o yodgnua dev €xel XAAVIUO ROQUPMV Ue MYOTEQES
20QVEPECS. O apLBUSS TwV %oQUPGV (1 TO REYEDOS) TOV EAIYLOTOV RAATUUATOS ROQUPHDY OVOUALETOL
aptBuds xdlvyngs (covering number) Tov yooagpruatog xou cvuforiCeton pe B(G).

Ilodraon 4. ‘Eotw yodenua G(V, E). "Eva ovvolo xoovpav S C V eivar ovvolo aveEaptnoiag
tov G av xat uovo av to ovvoro V' \ S amorelel xdlvuua xooupdv.
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AmodeiEn. EE opuopov, 10 S givou ovvolo aveEamnoiog av o iovo av OeV UITAQYEL XOLUioL oxun
ov €xeL xa 7oL dVo dxpa ™S 0to S. Autd cuppaivel av o pévo av xdbe axpn ExEL TOVAAYLOTOV
éva amé o dxpa mg oto V'\ S, dnhadny av xouw uévo av 1o V' \ S amotelei xdlvuua xopupdy. O

Ilodraon 5. Ze xdbe yodgnua G(V, E), a(G) + B(G) = |V|.

Amodeién. "Eotw S éva péyioto ovvoro aveEapmoiog tov G. EE” opuopod gival |S| = a(G). Ané
v Ilpétaom 4, to V' \ S amotehel xdhvpua x0oupdv, xol erouévos f(G) < n—a(G) = a(G) <
n — B(QG).

"Eotw C éva ghdyroto wdhuppa xopuepdv tov G. EE opiopov eivan |C| = S(G). And myv
[MpG6taon 4, o V' \ C eivaw €va ovvoho aveEapmoiag, wou emopuévog a(G) > n — B(G). To
Tnrovpevo mpoximrel cuvdVALoVTOS TIg dVO OVIOGTNTES. O

Muwa dueon ovvémera g Ilpdtaong 5 elval 6t €va ovvoho aveEapmoiag S eival nEyloto ov
20U UOVO av TO ®dAvppo oQuepdv V' \ S elvou ehdyioro.

O vmohoYLOUGS €VOS PEYLOTOV GUVOAOV OVEECQTNOTOGS OE YEVIXA YOUPNUATO Eival Vol TTOAD
dvonoho mEoPAnua (amd dmoym vrohoyLoTxng TolvmAoxdtntas). "Eva peylototivé ovvolo ove-
Eapmotog mooxrvmtel evxola av Eexivijoovupe pue €va ovvolo aveEaptnoiog S (m.y. aQyLrd To ®eVo
ovvolro). Evéow vrdgyet xopugii v € V'\ S mov dev ouvdéetan pe xauio xoguerj tov S, aviixadi-
otovpe 10 S pe 10 S U {v} »nou ovvexilCovpe. Avty n emavolnmuxy diodirwacio tepuatiCer ue éva
ueyLototwo ovvoro aveEapmotog S (av mpooBécovue omoladNmote ®ouen oto S, aTd TavEL
va. glva ovvolo aveEapmolog).

Kot’ avahoyia, o vwtohoylonds eveg eAAXLOTOV RAAVRUOTOS XOQUP®V Elval €va oA dUoroAO
TESPMUa (oS dmwoyn vohoyLoTirNg ToAVTAOXRGTNTOS). Elvan Spwg oxetind amhd va vmohoyi-
oovpe €vo oUvoLo xAAuYmS Tov €xeL To TOAD 25(G) ®OQUEES.

YmohoyiCovpe €va peyiotonxd tatpraouo M (dnhadny €va ovvoro xoguepdv . I'vopiCovue o
oL ehevBepeg noQUEYES Tov M arrotehoUv €va, oUVOLO aveEaQTOlaS. ZUVETMDS, Ol KOQUPES TOU
elvou ToupLaouéves oto M amotehotv xdlvppo xouedy. "Eotw Aowwdv C 1o xdAvppa xoQueav
OV amoOTELETOL OGS TS TOQLAOUEVES ROQUYES oto M. Eivan |C| = 2| M| (yio »dBe oxpn tov
M éyovpe 1o 80 dxga g oto C). Ouwg eivaw S(G) > | M| yati »a0e xdlvppuo ®0Quedv (Tou
eAAYLOTOV CUUITEQIAAUPAVOUEVOV ) TTEQLAOUBAVEL TOUAALOTOV EVOL OTT6 TOL SUO AxQOL RAOE arpnS TOU
M. AwagoeTind, 1) ouyrexouuévn axun tov M Oo frav axdhvmm. Zvvenae, |C| = 2| M| < 25(G).

Edape howdv 6t yio »dbe tadoroopa M xou xdbe rdlvppo xopuepav C, woyiel 6t |[M| < |C|.
O AGyog eival 0Tl T0 RAAVUUO ROQUPWDV TOETEL VO, TEQLEYEL TOVAYLOTOV €Val artd T dVo dxa
®dBe oxuis Tov ToupLdonotos. Mdilota 1 wdtta omotehel xoitiolo PeltiotdTtog (optimality
criterion) TG00 YLO €VOL TOLQLOOUOL GO0 KO YLOL TO AVTIOTOLYO RAAVIUOL KOQUPDV.

Ipdraon 6. ‘Eotw taipiaoua M xa xdlvuua xopvpav C tétowa dote |M| = |C|. Tore to M
amotelel éva uéyioro taipiaoua xar to C amotelel Eva eAdyioto xdAvuua x0Qu@av.

AmodeiEn. "Eotw M* éva péyioto tailpraopa xouw C* éva ehdyioto xdlvppo xogueav. Ioyvet dt
|M| < [M7| < [C7] < [C]
H moddm aviodtnta toyxvet yioti 1o M* elvon €va péyloto talpiaoua, n devtepn yioti to uéyebog

1AOE RAAVPUROTOS ROQUPDV ElvoL PEYOMITEQO 1} (00 atd To PEYeB0C ®AOE TAELACUOTOS, RO 1) TOLTY
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avioémra yuorl 1o C* givow €va ghdyioto xdlvppo xopuedv. Agot vrobéoane éu |M| = |C|,
OLES OL TOQOTAV® aviooTNTES TREMEL va. eiva wodttes. "Erou |M | = |M*| »au |C*| = |C. 0

H nopoandvw mpdtaon Aéel 6t dtav €va taiglaopua €xel to (0o néyeBog ue €va ralvppo
ROQUPAV, TOTE %o T dvo elvan BEATIOTAL (dN). TO TalplaopaL elvol UEYLOTO %ol TO RAMVPUOL KO-
QUMY EAAXLOTO). ‘Onmg VIdEYoVV TOMA YOOPNUATE OOV TO EAGYLOTO RAAVUUO XOQUPMV EIVOL
UEYOAUTEQO ATTO TO UEYLOTO TALIQLAOUAL.

13 AgBpoi Ramsey

Mrmopei vo. amodeiyBel 6t yioo ®dBe Cevydol axepaiwv n, m, vadeyel €vag eAdyLoTog alOndg
r(n, m) 610105 dote vdbe yodgnua ue Tovhdytotov r(n, m) ®oQUEES meQLEyeL eite to K, (#Aixa
e 1 %oQVYEC) eite 10 K,y (00vOLO aveEapmoiog e m xopupéc). O apBuol autol cupfoiGovron
ue r(n, m) »wow ovopdovror aplBpoi Ramsey. O apiBudc Ramsey 7(n,m) eivow o eAdyLotog mov
eEaopaliCer TV maamdve WGt pe ™V Evvola GTL VIAEYEL TOVAAXLOTOV €val YOAQNUOL e
r(n,m) — 1 %oQupéc mov dev mepléyel elte 10 K, elte 10 K, O oolPric vmoroylopds tmv
opBuwv Ramsey yio peydheg TiES Twv n, m amotelel €va eEoQeTivd dorolo mESBANUA Yo TO
omoto dev yvmpitovue wa yevixy nEbodo emthvong.

3 ouvvéxela Ba amodeitovne 6t (3, 3) = 6. IMagatneotpue ayd 6t r(3,3) > 6 emewdn
0 ®U%AOG UE 5 ROQUYES ExeL NEYLOTN #AIXOL ®o UEYLOTO 0UVOAO aveEaptnotag ueyébovg 2. o va
deiCovpe TV 1oGTNTOL, TRETEL VoL delEoupe OTL »ABE yodgnua Pe 6 ROQUPES TEQLEYEL eiTe ®AinaL ElTE
ouvoho aveEapmnotos ue 3 xopupés. H mpootnxn xou dAwv ®oQupdv dev UmoQel v exneed.oeL
oty TV LOLOTNTA.

Moéraon 7. Kdbe yodgnua ue 6 xooveéc meoiéyel eite to K3 eite o K.

AmédeiEn. "Eotw 611 010 yodenua vitdoyel xopugr| v we Babud ueyohiteo 1j (oo tov 3, xou €0tm
U1, U2, U3 TOELS YETOVES TS v. AV dV0 a6 TIS U1, U2, Uz OUVOEOVTOL NE OXpN (TT.Y. N U1 UE TN u2),
TO TEIYWVO v, U1, uy OTOTENEL #AMKOL (L€ 3 ROQUYPES. ALOPOQETIXG, OL U1, U2, U3 ATOTEAOVY GUVOLO
aveEapmoiog ue 3 noQUPES.

Av OMeC OL XOQUPES TOV YOAPNUOTOS €X0oVV Babud mwxedtepo 1 (oo Tov 2, Bewpolue To ov-
UTANOWUOTIXG YOAPNUOL. AVTO TEQLEYEL ROQUYY] UE PabUsd peyahiteQo 1j (00 Tov 3, %ol ETOUEVWS
neoléyel elte 1o 10 K3 elte 10 K3. Av 10 oupmAnompatizd yodgnua weoléyet 1o K3 (avtiotouyd,
10 K3), 10 apyd yodenua meptéyel 1o K3 (avtiotoya, 1o K3). O

14 Xooparizog AgiOnos I'oagnudrov

"Evog €yrvpog yowuatiouds evog yoopiuatog ovoudteTor ot avafeon YomuaTmv OTLS XOQUPES
Wote %A TevydolL ®OQUP®V TOV CUVOEETAL UE OxUY] VO, €XEL OLOPOQETIXG yodua. O yowuartt-
*x0¢ aplOuds €VOg YOOPNUOTOS (VoL O EMAYLOTOS OELOUGS YOWUATMY YIOL TOV OO0 VITAQYEL EVOG
£ynV0g YomuaTopnds. O yomuatxds aonds evis yoapiuatos G ovupolieton pe x(G).

e €vov €yruo XOWWATIOUS, Ol XOQUMES UE TO (OO YOWDUO OUYRQOTOUV €VO. GUVOMO Clve-
Eapmoiag apov dev vrtdyel xouio oaxpy netagu tovs. Kdbe €yxvpog yomuoatopds dlopneitel tig
XOQUPES TOV YOOLPHUOTOS O TAOO OUVOALL VEEAQTNOLOS GO0 ROLL TOL XOMDUOTOL TTOV XONOLUOTOLEL. O
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KOWUATIXOS 0OLOUOS EVOS YOOPHUATOS EIVOL O IRQGTEQOS AREQALOS YLOL TOV OTTOIO OL ROQUPES TOV
UITOQOVV Vo dLoueQLaoTouV oe avvola aveEaptoias. ‘Etot, €va yodonua €xel xomuomxd agdnd
WxEATEQO N {00 Tov K av o povo av eivou k-peéc.

Ta dunen yoapiuata €xovv xoopatind aobud 2. Erouévwg, €va yodpnuo €xel Yowuatino
aQLOUG 2 av %ol povo ov dev €xel ®UHAOVS UE TEQLTTO UNXOS. ZaAV AUECT CUVETELD TTQORVITTEL OTL
0 ®U%AOG UE M ®ROQUYES, ouuPoliCetal pe Cp, €xel

2 av n 4TLog
x(Cn) = { s
oV 7 TTEQLTTOS

Emiong eivan x(Ky) = n, x(K, —v) = n — 1 ywo »d0g »opuen v, »on x(K,) = 1. "Exovue axdun
anodeitel Ot ®dbe emimedo yodpnuo €XEL YOWUOTIXG 0QOUS WrEdTEQOD 1] (00 Tov 5. MdMota
T0 ddonuo Oswonua Twv 4 xowudtwv Afel 6Tl ®dBe enimedo yYodgpnua €XEL YOWUATIXG AOLOUS
wWxoTeEQO N (00 Tov 4.

Amodelxvietal evrnoha 0t ®dBe yodpnuo. ue nEyLoto Pabud A €yel xomuotind aolOnd to ol
A+1. H wWéa elvan 6t 100 A + 1 yodpartar eival 0QrReTd YLoL VoL XOWUOTICOVUE [LLOL XOQUEPT] ROl TOVS
YELTOVOUS TG UE OLopoQeTIXd Yodpato. Erouévmg, o alydelBuog mov eEetdlel Tig xoQupes uio-
TEOG-Piat now YomuatiCel xdbe xoQuEN He To WXEOTEQO JOBETLIO YEDUA VITOAOYCEL Eval (€y®vQO0)
YOWUATLOUS TV RoQUEAV ke A 4+ 1 yoduata 1o mohd. Evolhontird, ovtd progel vo amoderyOel
gUROA e poBnuaTiry emxoywyn og eEng:

To Tnrovpevo woyver yior xdbe yodgmuo pe A + 1 xopupés. "Eotm ot ®dbe yodgnua ue
n — 1 »oQueég xau uéytoto Pabus A umopet va yowpototer pe A + 1 yoduara (emoywyuxi
Vte0eom). AV T0 YOAQNUOL EXEL 1 ROQUEPES, OLPALQOVUE ULt oTtoLadnmoTe and owtés. To yodgmuo
TOV OTOUEVEL UTTOQEL VoL xownaTlotel ue A+ 1 yoduara Adyw g emaymywrric vrdeons. H xoguen
ov agopéoaue €xeL To oA A yeltoves wov yonoluorolotv o woli A yowuara. Erougvoc,
VITAQYEL OLAOETLUO YOMUA YLOL VO AVOLBECOVUE TNV KOQUPY TTOV OLPOLOECOUE YWOIS VO TQOXTWPEL
oxpny Pe axpa (BLov YEWUATOS.

KdBe yodpnuo mov mepiéyer pioe ®hivo neyéBoug k €xer yompatxd aoliud tovidylotov k
(xoerdlovrou k£ SLopoQeTirA YQDUOTOL YLOL TIG ROQUEES TG ®Aixag). PvwoiCovue 6L n peyoliteon
xhixa evog yoopnuatog G avtiotolyel oto neyaAitego ouvoho aveE0QTNOTOS TOU CUUTTANQWUOTL-
%00 yoagruaroc G. Emopévag, yio #de yodgnua G, éxovne x(G) > aG).

Moédraon 8. Ia xdbe yodgnua G(V, E) ue n xoovpés, n/a(G) < x(G) <n —a(G) + 1.

Amodeién. "Eotw x(G) = k. Ou ropugéc tov G umogotv va dlopeQlotovv og k oUVOAdL ave-
Eapmoiag Vi, Va, ..., Vi. Agov 1o peyalitepo ovvoro aveEapmoiag oto G éxel a(G) ®oQueEe,
éxovne |Vi| < a(G), yia vdbe i = 1,2, ..., k. Emouévag,

k
n=7) Vil <ka(G) = X(G)G) = n/a(G) < x(G)
i=1
I to TAvw pEAYID, OL KOQUEPES TOV UEYUAITEQOV OUVOAOU aVEEAQTNOTOS UTOQOVV VAL YOW-
uaToTovy e €va yodua. O xomuatopds Twv vrdhowtwv n — a(G) ®oQuepdV amottel T0 TOAD
n — a(G) dopoQeTrd XODUOTA. ZUVOMXA, O YOWUATIXGS apLOUds Tov G dev pmoel vo Eemeovd

on—alG)+1. 0
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Aoxnon 33. Na ddoete §va mopdderyno Yoopnuotos G e m ROQUEPES ROl XOWUOTIXG aoLOUs
X(G) = n/a(G), v éva madderyno yoapriuatog G' pe n ®oQUEES %o YowuaTRd aLiud
x(G")=n—a(G) +1.
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