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The Double Slit Experiment

Light: Wave or particle?1

1Images: Kαθηµερινη Φυσικη
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The Double Slit Experiment

Wave: Expected result (one slit)
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The Double Slit Experiment

Wave: Expected result (double slit)
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The Double Slit Experiment

Particle: Expected result (one slit)
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The Double Slit Experiment

Particle: Expected result (double slit)



Introduction Quantum Information Quantum Circuits BQP QMA Group-theoretic problems QIP

The Double Slit Experiment

Photon beam in one slit
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The Double Slit Experiment

Photon beam in double slit
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The Double Slit Experiment
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The Double Slit Experiment
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The Double Slit Experiment
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Classical vs Quantum Bits

All classical info can be written down in terms of classical bits.

All classical computing, communication and cryptographic
systems, work with classical bits

Quantum Crypto works with qubits, that are different than
classical bits.

0 −→ |0〉 =

(
1
0

)
1 −→ |1〉 =

(
0
1

)



Introduction Quantum Information Quantum Circuits BQP QMA Group-theoretic problems QIP

What do qubits look like?

|ψ〉 =

(
α
β

)
= α|0〉+ β|1〉 ∈ C2

|ψ〉 = is a superposition of |0〉 and |1〉
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What do qubits look like?

For real vectors α2 + β2 = 1

Ket |ψ〉 =

(
α
β

)
Bra 〈ψ| = (|ψ〉∗)T =

(
α∗

β∗

)T

=
(
α∗ β∗

)
Inner Product 〈ψ||ψ〉 = 〈ψ|ψ〉
Operations must preserve inner product (unitary operations)

No-cloning theorem
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Many Qubits!

Standard/computational basis:
x = x1, ...xn ∈ {0, 1}n
d = 2n possible strings

x −→ |x〉 =


0
0
1
0
0


Quantum State of n qubits:
|Ψ〉 =

∑
x∈{0,1}n ax |x〉,

∑
x∈{0,1}n |a|2x = 1

to sum up:
|Ψ〉 ∈ Cd with d = 2n, 〈Ψ|Ψ〉 = 1
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Many Qubits!: Example

Standard basis for two qubits:

|00〉 =


1
0
0
0

, |01〉 =


0
1
0
0

, |10〉 =


0
0
1
0

, |11〉 =


0
0
0
1


Equal Superposition:

|Ψ〉 = 1
2 |00〉+ 1

2 |01〉+ 1
2 |10〉+ 1

2 |11〉 =......=1
2


1
1
1
1


〈Ψ|Ψ〉 = 1, valid 2-qubit quantum state!
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Measuring qubits

|0〉 =

(
1
0

)
|1〉 =

(
0
1

)
|Ψ〉 =

(
α
β

)
= α|0〉+ β|1〉
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Measuring qubits

When we measure, the superposition collapses, we loose
information about α and β and we are just in one of the two
classic basis states.

Outcome ”|0〉” (horizontal polarization)
p0 = |〈Ψ|0〉|2 = |α|2
Outcome ”|1〉” (vertical polarization)
p0 = |〈Ψ|1〉|2 = |β|2
|α|2 + |β|2 = 1
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Quantum Circuits

• A model must be chosen when the complexity of quantum
computation is studied.
• A quantum circuit is an acyclic network of quantum gates
connected by qubit wires. Here is a hypothetical example:

• Any general quantum operation could be considered as a gate
but we need to choose a set of allowable gates in order to use the
model
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Universal set of gates
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Poly-time quantum algorithms

• In the quantum circuit model, a quantum algorithm Q is
described by a family of quantum circuits

Q = {Qn : n ∈ N}.

• Such a family is polynomial-time uniform if there exists a
classical algorithm that produces a description of Qn for each input
n ∈ N, in time polynomial in n
• To run this algorithm on an input x of length n we aply Qn to
|x〉 and measure the output in the standard basis.
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BQP

• Perhaps the most fundamentally important quantum complexity
class is BQP, which stands for Bounded-error Quantum Polynomial
time (which we equate with polynomial-time uniform circuit
families)

• A wide range of values can be substituted for 2/3 without
changing the class.
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Relation of BQP to classical classes

BPP ⊆ BQP ⊆ PP.

The containment BPP ⊆ BQP is obvious if you believe the claims
about universal gate sets from a few slides ago. . .
. . . classical Boolean logic gates (including fanouts) and
randomly generated bits can be simulated with quantum circuits.
•There are multiple ways to prove the containment BQP ⊆ PP
Intuitive proof: unbounded error probabilistic computations can
simulate interference in quantum computations. (E.g, run two
probabilistic processes, and condition on obtaining the same
outputs.)
Abstract proof: PP computations can simulate exponential-size
matrix multiplication problems of certain types.
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Diagram of Classes
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MA

• The complexity class MA is defined similarly to NP, except that
the verification procedure is probabilistic.

• MA stands for Merlin-Arthur, and is one of multiple complexity
classes represented by Arthur-Merlin games.
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Diagram of Classes
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QMA: a quantum analogue of NP

• One way to define a quantum computational analogue of NP (or
MA, really) is to extend the definition in two ways:
1. Allow the verification procedure to be a quantum computation.
2. Allow the proof (or certificate) to be a quantum state.
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Diagram of Classes



Introduction Quantum Information Quantum Circuits BQP QMA Group-theoretic problems QIP

Complete promise problem for QMA

There are several problems known to be complete for QMA (with
respect to classical polynomial-time many-to-one reductions).

The 2-local Hamiltonian problem is complete for QMA
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Group-theoretic problems

• Let G be a finite group whose elements can be represented
(uniquely) by binary strings of a given length n.
• Efficient computation of group operations: Given two elements
g , h ∈ G , it is assumed that the group operations can be efficiently
implemented by quantum circuits:
1. Multiplication: |g〉|h〉 → |g〉|gh〉.
2. Inverse: |g〉 → |g−1〉.
• Abstraction:
It is sometimes helpful to view such a group as a black box group;
the group operations are performed by a black box (or group
oracle), and string representatives of elements are independent of
group structure.
For those not familiar with groups, you could think of G as the
collection of invertible n × n matrices with entries in {0, ..., p − 1}
(for prime p), assuming all arithmetic is done modulo p.
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Group membership
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Group non-membership
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NO-input case
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YES-input case
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But we can’t trust the proof...
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Modified proof



Introduction Quantum Information Quantum Circuits BQP QMA Group-theoretic problems QIP

Outline

1 The Dual Nature of Light

2 Quantum Information

3 Quantum Circuits

4 BQP

5 QMA

6 Group-theoretic problems

7 QIP



Introduction Quantum Information Quantum Circuits BQP QMA Group-theoretic problems QIP

Interactive proof systems
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Complexity classes for interactive proofs
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Quantum interactive proof systems
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QIP
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Other topics in quantum complexity theory
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Open problem: upper-bounding entangled provers
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