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Eisagwg 

Orismìc kl�sewn par�llhlou programmatismoÔ

Logikì kÔklwma C , eÐnai to kateujunìmeno, akuklikì gr�fhma,
sto opoÐo k�je koruf  antistoiqeÐ se k�poia logik  pÔlh. To
kÔklwma dèqetai eÐsodo thc morf c {0, 1}m, kai epistrèfei
èxodo thc morf c {0, 1}n, m, n ∈ N. OrÐzontai:

Mègejoc tou C eÐnai to pl joc twn kìmbwn tou.

B�joc tou C eÐnai to pl joc twn kìmbwn tou sto mègisto
monop�ti tou.

Omoiìmorfh oikogèneia logik¸n kuklwm�twn, noeÐtai pwc
up�rqei k�poia sunj kh sthn oikogèneia kuklwm�twn, h opoÐa
epitrèpei na qarakthrÐzetai to kÔklwma apì to deÐkth n pou
tou antistoiqeÐ. Ed¸, o deÐkthc upodhl¸nei to pl joc twn
logik¸n pul¸n pou perièqoun ta logik� kukl¸mata.
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Eisagwg 

Orismìc kl�sewn par�llhlou programmatismoÔ

'Estw C = (C0,C1, . . .) omoiìmorfh oikogèneia logik¸n
kuklwm�twn kai f , g : N→ N. OrÐzontai:

Par�llhloc qrìnoc thc C eÐnai O(f (n)) e�n ∀n to b�joc
tou Cn ∈ C eÐnai O(f (n)).

'Ergo gia th C eÐnai O(g(n)) e�n ∀n to mègejoc tou Cn ∈ C
eÐnai O(g(n)).

Orismìc (Kl�sh ParallhlouQronou/Ergou)

OrÐzetai

PT/WK(f (n), g(n))

na eÐnai h kl�sh ìlwn twn glwss¸n L ⊆ {0, 1}∗ gia tic opoÐec

up�rqoun kukl¸mata C pou na apofasÐzoun gia thn C se

par�llhlo qrìno O(f (n)) kai me èrgo O(g(n)).
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Eisagwg 

Par�llhloc programmatismìc kai NP poluplokìthta

PeriodeÔwn Pwlht c: O par�llhloc programmatismìc den
eparkeÐ. ApaiteÐtai h melèth 2n periodei¸n, me n to pl joc twn
pìlewn. Apì th sqèsh

èrgo = (par�llhloc qrìnoc) × (plhjoc epexergast¸n)

prokÔptei pwc

eÐte o par�llhloc qrìnoc ja èprepe na eÐnai ekjetikìc,

eÐte ja èprepe na up�rqoun diajèsimoi ekjetik� to pl joc
polloÐ epexergastèc,

eÐte kai ta 2 tautìqrona!
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Par�llhlec Mhqanèc TuqaÐac Prospel�sewc (Parallel Random Access Machines)

Orismìc Par�llhlwn Mhqan¸n TuqaÐac Prospel�sewc

'Ena prìgramma RAM eÐnai mÐa akoloujÐa Π = (π0, . . . , πm)
entol¸n pou metabaÐnoun/epexerg�zontai jèseic mn mhc.

'Ena prìgramma PRAM eÐnai mia akoloujÐa P = (Π1, . . . ,Πq),
pou apoteleÐtai apì prìgrammata RAM pou leitourgoÔn
par�llhla & epexerg�zontai apì koinoÔ ta dedomèna.

To mègejoc thc akoloujÐac tou progr�mmatoc PRAM endèqetai
na mhn eÐnai stajer , all� na eÐnai k�poia sun�rthsh p(m, n),
ìpou sthn eÐsodo I up�rqoun m akèraioi kai h anapar�stas 
thc èqei m koc `(i) = n. SumbolÐzetai, Pm,n.

Apì touc diaforetikoÔc sunduasmoÔc gia ta m, n dhmiourgeÐtai
h oikogèneia

P = (Pm,n : m, n ≥ 0)

twn par�llhlwn programm�twn tuqaÐac prospel�sewc.
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Orismìc thc kl�sewc NC

Orismìc (H kl�sh poluplokìthtoc NC)

OrÐzetai h kl�sh poluplokìthtoc NC (Nick’s Class, Nick Pippenger )

NC = PT/WK(logk n, nk)

twn problhm�twn apof�sewc, pou epilÔontai se

polulogarijmikì par�llhlo qrìno kai poluwnumikì èrgo.

H kl�sh NC apeikonÐzei th diaÐsjhsh pou up�rqei gia ta
probl mata pou epilÔontai apotelesmatik� apì par�llhlouc
upologistèc, ìpwc akrib¸c h kl�sh P gia thn apotelesmatik 
epÐlush problhm�twn se akoloujiakì plaÐsio ( sequential context ).

Anoikt� erwt mata sthn Epist mh twn Upologist¸n

IsqÔei P = NC?
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H kl�sh poluplokìthtoc NC

Orismìc thc kl�sewc NC

AntÐstoiqa,

Orismìc (H kl�sh poluplokìthtoc NCj)

OrÐzetai h kl�sh poluplokìthtoc NCj,

NCj = PT/WK(logj n, nk)

twn problhm�twn apof�sewc pou epilÔontai se dedomèno

polulogarijmikì par�llhlo qrìno kai poluwnumikì èrgo.

H eleujerÐa tou ekjèth k upodhl¸nei thn eleujerÐa sto
bajmoÔ tou poluwnÔmou gia to èrgo pou apaiteÐtai.

NC IerarqÐa: NC1 ⊆ NC2 ⊆ . . . ⊆ NCi ⊆ . . . ⊆ NC.

To prìblhma Prosbasimothta ∈ NC2. Apìdeixh
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Idiìthtec thc kl�sewc NC

Je¸rhma (Kleistìthta thc NC wc proc tic anagwgèc)

E�n h gl¸ssa L an�getai sth L′ ∈ NC, tìte L ∈ NC.

Pìrisma (Kleistìthta thc NCj wc proc tic anagwgèc)

E�n h gl¸ssa L an�getai sth L′ ∈ NCj, j ≥ 2, tìte L ∈ NCj.

Anoikt� erwt mata sthn Epist mh twn Upologist¸n

∃i ≥ 1 : NCi = NCi+1? E�n nai, tìte tÐ isqÔei apì ta:

1 NC1 ⊂ NC2 ⊂ . . . ⊂ NCi = . . . = NCi+j ⊂ NC.

2 NC1 ⊂ NC2 ⊂ . . . ⊂ NCi = . . . = NCi+j = NC.
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H kl�sh poluplokìthtoc NC

P-pl rh probl mata

Up�rqoun probl mata gia ta opoÐa prèpei na upologisjoÔn
ekjetik� to pl joc stigmiìtupa. Opìte me qr sh par�llhlou
programmatismoÔ mporeÐ na deiqjeÐ se poi� kl�sh an koun.

Orismìc (To prìblhma thc PeritthsMegisthsRohc)

'Estw to dÐktuo N = (V ,E , s, t, c). EÐnai h mègisth ro  tou

diktÔou perittìc arijmìc?

Je¸rhma

To prìblhma PeritthMegisthRoh eÐnai P-pl rec.

Apìdeixh. Me anagwg  apì to prìblhma
MonotonhsKuklwmatikhsTimhc. �
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H kl�sh poluplokìthtoc RNC

Orismìc thc kl�sewc RNC

EurÔtera, orÐzetai h tuqaiopoihmènh kl�sh NC.

Orismìc (H kl�sh poluplokìthtoc RNC)

Mia gl¸ssa L an kei sthn kl�sh poluplokìthtoc RNC, e�n

up�rqei mia omoiìmorfh oikogèneia logik¸n kuklwm�twn apì

thn kl�sh NC, me tic akìloujec idiìthtec:

1 To kÔklwma Cn, pou dèqetai eisìdouc m kouc n, èqei
n + m(n) logikèc pÔlec; to m(n) èqei poluwnumikì m koc.

2 Gia th sumboloseir� x , me `(x) = n, to kÔklwma Cn me
eÐsodo x ; y , `(y) = m(n):

Εάν x ∈ L, τότε τουλάχιστον για τις μισές από τις 2m(n)
το

πλήθος δυαδικές συμβολοσειρές, το κύκλωμα αποφαίνεται

Αληθεια.
Εάν x /∈ L, τότε το κύκλωμα αποφαίνεται Ψεμα για κάθε y .
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Teleio Tairiasma (Perfect Matching)

Ta probl mata apof�sewc den apodÐdoun mìno thn ap�nthsh
sto e�n up�rqei lÔsh sto en lìgwi prìblhma. Me qr sh
teqnik¸n DunamikoÔ ProgrammatismoÔ gia na apofanjeÐ o
algìrijmoc pìsec lÔseic up�rqoun, ja tic èqei upologÐsei sta
endi�mesa b mata (anakalèste to prìblhma tou Sakidiou).

AnatÐjentai b�rh stic akmèc tou graf matoc. Me qr sh enìc
NC algorÐjmou mporeÐ na upologisjeÐ to tèleio taÐriasma me
to mikrìtero b�roc w∗.

GnwrÐzontac th tim  w∗ eÐnai eÔkolo na epalhfeujeÐ e�n
k�poia akm  b�rouc wj , tou graf matoc an kei sto tèleio
taÐriasma. E�n h akm  �nhke sto tèleio taÐriasma gia to
arqikì gr�fhma tìte o NC algìrijmoc ja epèstrefe w∗ − wj

gia to enapomeÐnwn gr�fhma.
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Megisth Roh (Max Flow)

Proseggistikìc RNC algìrijmoc:

Dojèntwc enìc diktÔou N = (V ,E , s, t), me monadiaÐo kìstoc
stic akmèc tou, prosteÐjentai oi dÔo arqikoÐ kìmboi s kai t
kaj¸c kai k kateujunìmenec akmèc (f , t), ìpou k h mègisth ro 
pou epijumoÔme na elègxoume.

SqhmatÐzetai to dimerèc gr�fhma G = (A ∪ B,E ) me korufèc se
k�je pleur� tou, tic pleurèc tou diktÔou pou eÐqe prokÔyei me
thn prìsjesh twn k akm¸n, kaj¸c epiplèon akmèc (e, e ′) ìpou
to pèrac thc e prospÐptei me thn arq  thc e ′ sthn Ðdia koruf .
Tèloc, perièqei akmèc apì korufèc tou enìc mèrouc stouc
eautoÔc touc sto ètero mèroc gia k�je koruf  pou antistoiqeÐ
se akm  tou arqikoÔ diktÔou.

EÐnai eÔkolo mèsw enìc RNC algorÐjmou me qr sh thc duadik c
anaz thshc na brejeÐ to tèleio taÐriasma sto dimerèc gr�fhma
kai kat' epèktashn h mègisth ro  sto arqikì dÐktuo.
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H kl�sh poluplokìthtoc RNC

Megisth Roh (Max Flow)

Anagwg  apì th MegisthRoh sto TeleioTairiasma
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H kl�sh poluplokìthtoc AC

Orismìc (H kl�sh poluplokìthtoc AC)

OrÐzetai h kl�sh poluplokìthtoc AC,

AC =
⋃
j≥0

ACj

ìpou

ACj = PT/WK(logj n, nk)

kai k�je kl�sh ACj perièqei kukl¸mata me aperiìristo arijmo

eisìdwn stic logikèc pÔlec Kai kai H.

H NC kai AC IerarqÐa:

NCi ⊆ ACi ⊆ NCi+1

'Ara, NC = AC.
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H kl�sh poluplokìthtoc TC

Orismìc (H kl�sh poluplokìthtoc TC)

OrÐzetai h kl�sh poluplokìthtoc TC,

TC =
⋃
j≥0

TCj

ìpou

TCj = PT/WK(logj n, nk)

kai k�je kl�sh TCj perièqei kukl¸mata me aperiìristo arijmo

eisìdwn stic logikèc pÔlec Kai, H kai Pleioyhfia.

H logik  pÔlh Pleioyhfia eÐnai yeud c e�n oi misèc  
parap�nw apì tic eisìdouc thc eÐnai yeudeÐc.

Pleioyhfia(p1, p2, . . . , pn) =

⌊
1

2
+

∑n
i=1 pi − 1/2

n

⌋
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Entìc thc kl�sewc poluplokìthtoc P

H NC, AC kai TC IerarqÐa:

NCi ⊆ ACi ⊆ TCi ⊆ NCi+1

Gnhsiìthta NC, AC kai TC IerarqÐac:

NC0 ( AC0 ( TC0 ⊆ NC1

H L, NL, NC, AC, TC kai P IerarqÐa:

NC1 ⊆ L ⊆ NL ⊆ AC1 ⊆ TC1 ⊆ NC2 ⊆ . . . ⊆ P
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Par�rthma

Nick Pippenger

O Nicholas John Pippenger eÐnai ereunht c sthn Epist mh twn
Upologist¸n.

'Eqei metaptuqiakì stic Fusikèc Epist mec apì to Shimer
College kai didaktorikì apì to MIT.

EÐnai pantremènoc me thn Maria Klawe, prìedro tou Harvey
Mudd College.

Proc tim n tou h kl�sh NC (Nick’s Class) fèrei to ìnom� tou,
kaj' upìdeixhn tou Stephen Cook, gia th melèth tou p�nw sta
logik� kukl¸mata me polulogarijmikì b�joc kai poluwnumikì
mègejoc.

Epistrof 
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Akoloujiakì kai Upakoloujiakì plaÐsio

Akoloujiakì plaÐsio

H diafor� an�mesa se poluwnumik  kai ekjetik  aÔxhsh
kajÐstatai aisjht  se qamhl� epÐpeda. EpÐ paradeÐgmati, stic
n3 kai 2n h diafor� eÐnai emfan c gia n = 20.

Upakoloujiakì plaÐsio

Sunart seic ìpwc oi log n kai
√

n eÐnai asumptwtik�
diaforetikèc. H aÐsjhsh thc diafor�c touc kajÐstatai
parathr simh gia arket� meg�lec timèc tou n, èstw n = 220.

Epistrof 
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Prosbasimothta ∈ NC2

'Estw A = Mn×n o pÐnakac sundèsewn tou graf matoc, ìpou
èqoun tejeÐ Aii = 1, ∀i . Mèsw tou pollaplasÐasmoÔ pin�kwn
se par�llhlouc epexergastèc:

A, A · A = A2, A2 · A2 = A4, A4 · A4 = A8, . . .

brÐskontai ta monop�tia m kouc 1, 2, 4, 8 k.o.k.. H metabatik 
kleistìthta tou graf matoc eÐnai o pÐnakac An = A2dlog2 ne

,
upologÐzetai se dlog2 ne b mata. Mèsw tou par�llhlou
pollaplasiasmoÔ pin�kwn prokÔptei pwc o upologismìc thc
metabatik c kleistìthtoc qrei�zetai O(log2 n) par�llhlo
qrìno me O(n3 log n) èrgo.

Epistrof 
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