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-Richard Feynman, in ”Simulating




e Quantum computers pose a serious challenge to g
Church-Turing thesis — if quantum computers are physically
realizable, then the strong Church-Turing thesis is wrong.
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Introduction

the parameter has a kind of probability wave a |
involving a “smearing” or “superposition” over all possible values.
The parameter only achieves a definite value when it is measured

by an observer, at which point we say that the probability wave
collapses to a single value.
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where a,, a4 are called amplitudes and are complex numbers sa
2 2 —
ao|” + g |” =1

When the qubit is observed with probability |cr0|2 it is revealed to be in state zero
and with probability |a4|?, it is revealed to be in state one.

After observation the amplitude wave collapses, and the values of the amplitudes are
irretrievably lost.




where Zb1,b2|ab1b2|2 = 1. When this system is observed, its
state is revealed to be |b1b2) with probability |ap1p2|°.




* If the qubit is measured, what is the possibility it contains 0?

e If the qubit is measured, what is the possibility it contains 1?




The uniform state for a two-qubit system is
|00) + [01) + |10) + |11)

What is the normalization factor for a two-qubit system?




(10) + [1)(10) + 1))

which shows that this state just consists of two one-qubit systems in
uniform state.




e Aset {v of vectors in CM is an orthonormal basis of CM if for ever

i
}ie[M]
equalto1ifi = jand equalto 0ifi # j.

If A'is an MXM matrix, then A* denotes the conjugate transpose of A. That is Ay, = /Ty,x for
every x,y € [M].

An MxM matrix A is unitary if AA* = I, where [ is the MxM identity matrix.




every orthonormal basis

ie[M]
orthonormal basis of CM,

4. The columns of A form an orthonormal basis of CM.,

5. The rows of A form an orthonormal basis of CM.




e A quantum register is composed of m qub
superposition of all 2™ basic states: a vector
(Vom, Vgm=14, ..., Vym) € C*™, where Y, |V, |? = 1.
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Lemma 10.7 (Composition of quantum operations) If A;,A, are matrices

representing any quantum operations, then their composition (i.e. applying A;
followed by applying A,) is also a quantum operation whose matrix is A, A;.



Rotation on single qubit

* AND of two qubits — Toffoli Gate

* The Hadamard operation




acts on three or less qubits of the register.
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Measure the register and let Y denote the obtained value. (That is, if v is the final state

register, then Y is a random variable that takes the value y with probability |vy|2 for every
y € {0,1}™)
4.  Outputl;.

A Boolean function f:{0,1}* - {0,1} is in BQP if there is some polynomial p: N — N such as that f
is computable in quantum p(n)-time.




Apply Hadamard operation on |q,)

Apply the mapping |qoq1) » [90(q0®q1))




Corollary 10.11 BPPcBQP




and each U, corresponds to applying either the Hadamard gate —

VZ O
Toffoli gate |abc) — |ab(c®anb)), or the phase shift gate ((1) (l,)
qubits.

), on at most three




Theorem 10.15 Shor’s algorithm: Factoring in BQP [Sho97]

There is a quantum algorithm that given a number N, runs in
poly(log(N)) and outputs the prime factorization of N.




Shor’s Algorithm: Integer Factorization using Quantum Computers

The mapping A = A* (mod N) is computable in poly(log N) time even o

Using those observations we can come up with a simple poly(log N) time quantum algorithm that
transforms a quantum register initialized to all zeros into the state that is the uniform superposition
of all states of the type |x), where x < N and satisfies A* = y, (mod N) for some randomly
chosen y, < N — 1. By elementary number theory, the set of x’s form an arithmetic progression of
the type xo + ri fori = 1,2, ... where A*0 = y, (mod N) is the order of A.




ome arbitrary state
transform f of f.

* The QFT takes only O(log?M) elementary steps and is thus very
sufficient.







