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TTpoTtaociakoc Aoyiopoc

Y TOV TEOTACWXO AOYLOUO OVOUACOUME ATOULXOUS TUTOUS TIC OTAOERES
TRUE xov FALSE xafd¢ xar ti¢ npotactaxéc HeTaBANTeS n.y. 21, T2, - - .
Ov mpotaciaxol TonoL opllovTal emAYGYLXE:

1. Ou atourxol Tunot elvar timoL.
2. Av @ slvar tUToc téte xow 0 D slyar TUTTOC.
3. Av ov @ xar ¥ elvar tOoL téte xan ov (@ AY) xan (@ V) elvan timoL.

4. Ondhnote dev oplletan ue Bdomn ta (1)—(3) dev elvar npotactaxds TUnog.



o Mepuxéc popég nopalelnouue tapeviéoelg xat utobBéTouue aploTepd Tpo-
OETOUPLOMO T.Y. T1 A Zg A 3

e Mnopoiue vo oplaouye véoug tinoug we auviopoypapla dIAwY yvw-
OTOV Y.
(& — U):=(-DV V¥
(@ V) =(D - W) A (U — D)



TTivakec AAnBeiac

O mpotactuxol TimoL elval oUVTAXTIXES GUUPBOAOCELRES TOU OUWS EYOUY
xdnola onuaoia (anuactoroyla) dnhads elvar aknbelc 1 Peudele avdhoyo ye
TIc ahnbotiéc mtou youv anoveunbel otig npotaolaxes petalintes. [l ou-
vxexpiueva ainbotiwgs Tty tuney @, (G A W) xon (P W) dpilovral and Tig
ainfotipeg twv @, ¥ Omwg QolveTal OTOV TUpoXATe Tivaxd ainbelug (truth

table):

7 7 & [ (D U) ][ (PV W)
TRUE | TRUE | FALSE | TRUE | TRUE
TRUE | FALSE FALSE | TRUE
FALSE | TRUE | TRUE | FALSE | TRUE
FALSE | FALSE FALSE | FALSE




‘Evag tinoc Aéyetan éyxupog (valid) A tautohoyio av elvar ainbhic yia
%x&0e anovour aAnfotiudy otig uetafAntes. 'Evag TUTOg AfyeTol LXALVOTIOLT-
ouwLog (satisfiable) av undpyer anovouR ainfonudy Tou Tov xabotd aindy.
Apa @ elvon wavomorfioluog &y xaL wovo v o =P dev elvar Tautoroyia.

M npotactaxh uetaBAnTA 1) dpvnor npotactaxic uetaBinthic ovoudleton
Asetnua (literal). Mua gpdor (clause) slvon wa 8t@leuln and literals (m.y.
1V 2o VIXsV _I.CC4).



CNF, DNF, Horn

Kabe tinoc e npotaolaxric Aoyixrc elval loodlvapog ue xdnotov mou fpl-
oxetal oe ouleuxTixy| xavovixy popyy (conjunctive normal form) dnhadd
elvar e oUleudn and dualeuxtixéc ppdoec. Avtiotoya elvon entong woodi-
vooc pe tono mou Pploxetan oe Braleuxtixd xavovixr woper, (disjunctive
normal form) dnhady elven wor Sualevin and ouleuxtixéc pdoelc.

M ppdon Aéyeton pedom Horn av €yel to tohd éva Betuxd literal dnhady)
ELvolL TNG HopeNS:
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Opot

o va oploouus cuvtaxtxd Ti¢ npotdoel lval avayxalo mpoOta voe opl-
gouue toug dpoug (oL onolol Gtav toug anodofel onuaola Ou sgunvedovro
oov avitxelpeve and xdnoto alvoho). Ot dpol opllovtal emayeyixd:

1. Ou yetafintéc xau oL otabepéc elvan Gpo.

2. Av iy, tg, ... 1, elvar ol xou f elvan ouPolo cuvdptnone n Béoswy ToTE
f(t1, 1, ..., 1) elvan enlone dpoc.

3. Tirote aiho dev elval dpoc.



TUTOI

O mpotdoelg Tou xatnyopnuatixol Aoyiouod oplloviol enaywytxd:
1. Av 1y, 1o, ..., 1, elvan dpot xar P elvar otufoho xatnyopfiuatoc n Bécewmy
tote P(ty,1a, ..., t,) elvan mpbraor (atouxd npdtaom).

2. Av o @ xou W elvon mpotdoelg xou X elvan petafinth tote oL o — P,
(DAW), (D U), Yed, dxd elvol npotdosle.

3. Tirote aiho dev elval mpoTaa.



2_huaoioAoyia

Ov otafespéc xon oL UeTaBANTES spunvevovTaL oay oTotyela EVO¢ GUYOAOU
A. Ta ouvaptnolaxd olufiora epunvedovtal ooy ouvapthoeg: A" = A. 'Etou
x40 dpog epunveleTal oav £va ototyelo Tou A.

Ta xotnyopiuata spunvedovtor oay unogUvoia tou A" H mpdtaon
P(t1,1o, ..., ty,) elvar adknBhc avy (81, 82, ...,8,) € R 610U s1, 82, ..., S5, Elvor 1ot
otoryela Tou A ue ta onola epunvedovtal oL dpot i1, 1s, ..., 1, xot R 10 unogy-
vOAO LiE To oTolo gpunvevetal To P. O ainfotiuée tov @, (PAY ) ka(PVP)
oplZovtar and T arnfonueg TV @ xar ¥ dnee xaL oTNY TROTAGLAX AoYLXA.
H mpdtaon Vzd elvar ainific av n npdtacn @ slvar ainifc v onoladfnote
spunvela TG UETABANTAC Z, V6 1) TpdTaoy 3z elvar arndng av n @ ainbelel
Yo x@&moa spunvela TNg .



Prolog

Ov gpdoeic Horn v tov xatnyopnuatind Aoyiopd oplfovrar dnwe xon
OTNV TROTUCLAXT AOYLXH AV aVTl Yo TEOTUCLAXES METABANTES YENOULOTOLOUUE
atouxes meotdoels. Lva mpdypauua Prolog elvon Baowd ula aldeuén and
gpdoeic Horn.



2.UupoAa Tou KATnyopnHATIKOU

Aoyiopou

dAa T cUUBoAA TTOU TIEPLEYEL O TPOTACLAXOS AOYLOMAS
emimAgov oUUfoAa Yo ouvaptAoelg xor otabepés, n.y. f,9,h,¢1,¢, ...,
olufola yia xatnyophuata m.y. P,Q,=, ...

XL TOUC Togodelxteg @ xaboixd V xaL unapdraxd 4.



H sufélera tou Vz () dz) otov tino Vz@ (| avtlotoiya JzP ) elvar o
UNOTUTTOG .

EAel0epn supdvion tng netafAntAc £ otov TUno @ ASYeTaL WL ELOALO
e LeTafBANTAS = mou dev elvar ueaa oty eufgieia evdg togodelxtn Vr R dz.

Asopsuuévn sppdavion g  elvan yéoa otny eufeheia evog nocodeixnty
i xor axpBde 8eZid Tou ouuféiou V (R 3).

'Evag tinog A€yeTtal XAELGTOG av Oy mepLEyet eAsUbepeg sugavioelg UeTa-
BAnTdy.



2_huaoioAoyia

H onuacioloyia TUnwY TOU XATNYORTMATIXOU AOYLOMOU SlvETOL UE TNV
BoRbeia Ty aiyeBpudy doudy A nou ovoudlouus wovigia. 2ty neplntwon
TOU TpoTActaxoU Aoyiauol to nedio A elvar {True, False}, £8¢ Suwe unopel
va elval OTolodNTOTE UY) Xevd, TEMEpACUEVO N xar dneLpo, oUvoro. EdG Aot-
6y Sev €xouue anovou ainbotuudy aArd spurveta (interpretation) twv uev
otafep®dy xon UETABANTOV Ue otolyela Tou medlou A, TwY 68 CUVAETNOLAXGOY
XOL XOUTNYORNMATIXGOY OUUBOAGY UE TIPAYUATIXES AMELXOVICELS XAl OYECELS
LueTAEY Ty gtotyelwy tou Tedlou A. Me térowa anuactoloyia xdbe dpog ep-
unvedetal e ototyelo tou A xon xéfe xherotde tinog ainfeler (R 6yL) oo
LOVTEAD A.



Ocwpnua TTAnpoTNTAC

>uufBoallouue I' = @ 10 YeYovdg 6Tl 0 TUTOC P ATOSELXVUETUL CUVTAXTIHNE
dTd TOUC TUTIOUC ToL ouvdiou [

YuuBoiZouue I' = @ 1o yeyovéc 6T o tinog @ ainbelel o A TO LOVTEAX
dmou aAnfslouy xar oL TUTOL Tou guvdiou I

To neplonuo Bewpnua TAnEdTRTAg Tou Godel Ager:
' aw I'E®



Ag’ etépou to Bedpnua wn thnedtntag tou Godel Ade:
Aev pnopel va undper ouvenrg xal mAfpne altwpatixonolnon dhwy
twv ahnfdy tinwy tne AptBuntixrc.



Mnxavég Turing
Ov Baowée Aevtoupyleg wag TM elvon:
o Awd3aoe 1o TEQLEYOUEVO TOU TEEYOVTOS XUTTAPOU
o ['cade 1 4 0 oto tpeyoy xitTapo
o Kdve tpeyoy 10 auéows aplotepdtepo N 10 aueEcws 3edidteEpo XUTTARO

H TM éye éva nenepacuévo aplBud eowtepxdy xataotdoeny (internal
states):

Q= {G_’OEQh---}

‘Eva npdypauua yio o TM elvar eva gUvoro and tetpddeg tng Lop@Yg
gi,e,d,q; 6mov ¢;,q; € Qe € X, d € A = X|{L, R} ue tov e€¥c cuvap-
hotaxd (vietepuiniotixd) meproptoud: Do xdbe < ¢;, e > undpyer 10 TOAU
gva < d,q; > €tor @ote 1) teTpdda < g, e,d,q; > Vo AVAXEL 0TO TROYPI-
ua, SnAadh mpdxettar yia e cuvdeTtnon uetdfacrg (transition function)
d: Q@ xYX—=> AxQ.



Katd olpPaon i unyavh otopatdel oto (elyog xatdotaong-oud 6oy
< g;,e > oc neplntwor mou 1) T 6(g;, €) dev elval oploutvr.

Yie xdfe T M unopotus voL avTLOTOLY IGOUKE Lo Ueplxr| ouvdpTnor and to [N
oto N. H eloodoc n € N napiotdvetor ue n + 1 ouveydueva 1 (1ol o aptbude
0 maprotdvetol ye 1). Xov apyxd oTyloTUTO £youds TV xegaht (Tpéyov
xitTopo) v delyvel oto aplotepdtepo 1 xal va Bploxeto otnv xatdotaoy go.
Yav €€odo haufdvouue To ouvoluwxd apliud and 1 tou PBploxetor oty tauvia,
OTUY XOL EQV 1) UMY OVY) OTOUUATHOEL.




Mapdderypa 6.1.1. No xataoxsuaotel wa TM nou unohoyilet to 2+ 2. H
TM 6o epydleton olugpove Ue To topaxdte tpdypauud (to onolo ypdpsto
navTa mpGTa oE dtuny YAodooo udmhol emnédou):

apyLxomoinon; (*dLaypapr Tou mpdTou 1*)
while eloodoc<>0 do
begin
Sraypade éva 1 and eioodo;
METAMivNnoe HepaAr) defLd mEpa amd eicodo MuL £Lodo;
npbéobece &Uo 1 otnv ££odo;
METOMLVYNOE HEQUAT) apLoTepd meEpa and £Lodo xaL eloodo
end



< o
<q1
< G2
< g3
< G4
< g4
< g5
< g5
< g6
< g6
< g7
< g7
< s
< s

1 0 g >
0 R g >
1 0 g3>|halt yna <g 0>
0 R gq>
1 R q1>
0 R g5>
1 R g¢gs>
0 1 gg>
1 R gg>
0 1 gr>
1 L g7>
0 L gg>
1 L gg>
0 R g >

Hivaxag 5.1: T'M mpdypauua.



o d1 d2 q3 q4 ds ds i ds
0 R/g, | halt | R/qs | Rfgs | 1/g6 | 1/g7 | L/gs | R/
1 0/@'1 0/@3 R/fi‘4 R/q5 R/Q’ﬁ L/fi’? L/Qs
Hivaxag 5.2: TM oe uopeh nivaxa.
1 — A
start @ T 0— R :u% 0—> R .
1—0 1—20
0
1 0> K G2 > halt
00— R
0— L

L

1—- L U5



Kooduweog evtorfg | Awetbuvon
1. LOAD operand
2. STORE operand
3. ADD operand
4. SUB operand
5. MULT operand
6. DIV operand
7. READ operand
8. WRITE operand
9. JUMP operand
10. JGTZ label

11. JZERO label

12. HALT label

[Tivaxac 5.3: Tumxd ovvoro evtoA®dy RAM.



HMpdypopua RAM Avtiotolyr eudoyiooou

READ 1 read rl
LOAD 1
JGTZ pos if r1 <=0 then write 0
WRITE =0
JUMP endelse
pos: LOAD 1 else begin
STORE 2 r2 — rl
LOAD 1
SUB =1
STORE 3 rd—rl —1
while: LOAD 3

JGTZ continue | while 73 > 0 do
JUMP endwhile

continue: LOAD 2 begin
MULT 1
STORE 2 r2—r2=rl
LOAD 3
SUB =1
STORE 3 rd — r3 —1
JUMP while

endwhile: WRITE 2 write r2

endelse: HALT

[Tivaxag 6.4: Tumixd npdypoapua RAM.




TTpoypappa Tou Leibniz

H XuAhoyiotix?] Tou AQLOTOTEAN ATOTEAECE TNV TPOTY) Tpoondbeia Oeie-
Mwong g Aoywefic xor twv uabnuatixedy. O Leibni(t)z npbtewve 1o g€¥g

TpOYpAULUAL:

1. Na Snuroupynfel wa tumixd yadoaoa (formal language), ue tny onola va
UTIOPOUE VA TiEpLy paoute OAeg TG MABMUATIXES EVVOLEC XL TROTACELS.

2. Na drpovpynfel wa uabnuatxd fsopla (3nAadh éva alvoro and adud-
LOTO X0l CUUTERAGUATIXOUE XAVOVES GUVETAY®YTS), ME TNy onola va
UTIOPOULE Vo ATOOEVUoUUE OAeg TiC opbeg ualnuatixég npotdosts.

3. Na anoderybel 6Tt auth 1 Bewpla elvar ouvenfic (consistent), (dnAadh T
7 npbTaon <A xo byt A» (A A —A) Sev elvan Suvatdy va anodetybel o
auth 1) Bswpla).



H mpayudtoor autol tou npoypduuatog dpyloe ToAY apydtepd, Tpog To
t€r0¢ Tou 190u awdva. lloirol emothAuoveg aoyornbnxay ue tov oploud TNg
evialag yAdooas tne uabnuatixic (f ouuBoixhc) hovixhic (Boole, Frege, »x.a).
Alhot aoyorfBnxay e Tov optaud e evtalag Bewplag twy ouvéiwy (Cantor,
X.0.) XL dAdor ue Ty tapaywyY (derivation) 6Awv ToV aAnBOY LaONUATIXGY
Tpotdaswy UE Yphoy Tne Luvolofswplag (Russel, Whitehead, x.a.).

Yy apyn autol Tou awdva o Hilbert BdAOnxe va mpayuatomoiost to
30 pépog Tou mpoypduuatos tou Leibni(t)z, dnhadth va (Bpet évav aiybplBuo
Tou va anoxglveton (decides) yia tnv opfbtnta xébe pabnuatixhs tpdtacTg.



Tehxa, duewe, To 1931 o Gadel ancderie om.

o Aey undpyel €tol0c ahydpLiuog.
o Elvor addvartov va anoderyfel n ouvénela tne Xuvorobemplag.

o Emmiéoy, onowadimote (Snhadh Gyt wévo 1 Tuvohobewpla) adlwuatixs
Bewpla Tov Mabnuanixdy, tou tepthapfdver Touhdyiotoy Ty Apbuobe-
wpla, B mepriapBaver xon un anoxplowses (undecidable) npotdoe.

o Kowduonoudvrac npotdaoeic ue puatxolg agtbuolc (auth 1 xwdixonolnom
Aeyetar ofuepa «xeviehonolnom: Gddelization) undgeoe va napouoid-
OEL L0 GUYXEXPUIEYT, TPOTAGT, TOU elvan U amoxplown.



To anoteieoua autd tou Godel Arav n avtla wag onuavtudg xplong ota
XAUCOLE LOONUATING, MO GUYYEOVWS XAL 1) ATUEY Y| TGOV HOVTIERVOY GUYOULXOY
uabnuoatixdy. To xevipud epdtnua dev slvor ma anAd av wa tpdtact slvar
ainBhc 1 dbeudhc, ahrd av slvar camoxplowun A un aroxplowurny», Sniadn av slvar
«unohoyioth (computable) f 6. Autd axpBde elvar xaL To aviixelusvo tng
Ozwplag s Yroloyiotétntag (computability). Av doBel 6T o cuvdp-
oy f elvon unoioyiot, moto elvar 1o xbéotog B T ayabd (resources) mou
yeerdlovtar yia va unoioyioouue tny f; Autd elvar to (Baowd spdtnua tng
Ozwplag g IlohunhoxbéTnTag (complexity) .



Audgopot emotipoveg ( Turing, Church, Kleene, Post, Markov, x.a.) 3ah6n-
wav va. Eexabaploouy Tic évvoleg: unohoylotéd i emthloiuo (solvable) pe ahyé-
ptBuo, utohoyloth ouvdpnor xau anoxpiowo npdfBinua. KatédnZav, Aowndy,
oe SlapopeTixd UToAOYLOTIXA HoVTEAY, Tot omola Suwme amodelyBnxav éha Loo-
SUvoua LETAEY TOUC.

H replpnun @éon (thesis) twv Church-Turing héel howndv amhouateu-
pévor “'Ola ta yvwotd xal tTa “dyveote’ poviéda tneg évvolag “unohoylotés”
elvor unyaviotixd toodivaua (effectively equivalent)”. Anhady Sofiévtog evig
ahyoplBuou o évo HOVIEAD Yo (Lo CUYXEXPLEVY, ouvdptnan [, umopolue
unyavioTxed (ue tn Porfeia unyavic) va xataoxsudoouus ahydplbuo o éva
dhho povtého v v Bl ouvdptnon f.



¢ Yndpyouv dmelpa Uev, aArd ubévo apufiowsa (countable) Swapopetixd
npoypduuata. Extég autol UnopoUUe YpTOUOTOOVYTIS Xwdtxonolnon
vo T anapliuiaouue unyavitotixd (effectively enumerate)

o Amd Ty GAAT ueEpLd duwg, E€poune OTL uTdpyouy U aptbufouuEes drelpeg
(uncountable) Swapopetixés auvapThoes. AuTd ATOSELXVUETAL UE LY (-
vionoinon (diagonalization), avdioyn Ue dUTH TOU YETOULOTIOLOUUE Yo
va delfouue Ot To olvoro IR elvan un aglbunowo



Qedpnua 6.1.1. To halting problem (HP) clvar un anoxploiuo.

Arddeién. Eatw 6w my,m, Mo, ... elvar wa unyavtomed anaplBunon (effec-
tive enumeration) 6AeV TV TpoYpaUudTOY. Ag utobBéoouue 6Tt to HP elvar
emtAUow0. TOTe xataoxeudlouue €V TROYLAUUA T, TOU EAEYYEL AV TO TRO-
Yooupa T, ue eloodo n otauatder R Sy xa avdrioya pe TV andvinor o
AUTOY TOV EAEY YO, TO TEOY PR T GTOUATAEL AV TO T, (n) OV OTAUATAEL, Kol
AVTLOTROYWLS:

7: read(n); if m,(n) terminates then loop_forever else halt

Puoxd autd To npdypauua T xdmou Ga enpavileTal aTNY TAPATAVL dplh-
unoy. Ag¢ nolue OtL o delxtng yia o 7 elvon 2, dnhadh m = m;. H wga tne
Swaywvionolnong elvan va ddoouue To delxtn ¢ v input oto m;. Téte to m(4)
oTaMaTAEL Ay XL MOVo av To (1) otauatdel xar autd ouufalvel av xar ubvo
av 10 (1) 8ev otapatder. Avtigaaon. O



OpLoudg 6.1.2. 'Eva glvoio S Aéyetar anoxploylo 1 unoloylotd 1) emAloyio
(decidable, computable, solvable) av xaL uévo av undpyet évac alydplbuoc tou
OTOUATAEL 1) L UTIOAOYLOTLXY Unyavy] Tou dlvel ££odo «vaw» yia xdbe sloodo
a € S o £Z0d0 «byw» v %86t eloodo a ¢ S.

Optouds 6.1.3. 'Eva alvoro S Aéyetar xataypduuo (Ue unyavotixh Yevh-
teta) (listable, effectively generatable) av xor ubévo av undpyet W yevwhtpla
oadixaalo | MNYavA Tou xataypdeel dha Ta atotyela Tou S. X1ny, mbBaveg
drelpn, Mota e£6d0ou emtpénovTal oL emavaifPels xon dev undpyel TepLopLoMog
Yoo Ty SLaTaln TwY oToLYELGY.



Ld10TNnTEC

Ay 70 S elvar amoxplowto téte %o to S elvar anoxplowo.
Av 10 5 elvan anoxplowio 1ote To S elvar xor xataypddruo.
Ay 10 S xa 10 S elvar xatayedduua 161 10 S elvon anoxplowo.

Av 10 S elvan xataypdduso ue yvnolwe atfouca dudtagn tote to S elvar
anoxplollo.



MovTéAa YmoAoyiopou

npoypduuata Pascal

npovpduuata Pascal yoplc avadpour (aoalpeon avadpouhic ue yphomn
otolfag)

npoypduuata Pascal yopl avadpour| xar ywelc dhioug tUnoug dedoue-
VoV EXTOC and Toug QuOtxoUs aptBiuols (ETLTUY YAVETOL UE XOSIXOTOL-
OELS)

npoyeduoate WHILE ( uévn doufi enéyyou to WHILE )
npoypduuata GOTO xo IF

Assembler-like RAM (random access machine), URM (universal regis-
ter machine)

SRM (single register machine) €vac xataywenthc

Mrnyavf Turing (npdoBact ubdvo oe e xudern “cell” tne tonviag xabe
popd)



Ta yapaxtnototid TV Tapandve LovIEA®Y slvar:

® VISTEQULVLOTIXN TOAUTAOXOTNTA OF SraxpLtd BruaTa

® TETELACMEVO GUVOAO EVTOAGY TIOU EXTEAOUVTAL AT ENECELYACTY)

o ameplépLoTY VAN



ANa ovteha elvar:

o Taparlayéc and unyaveg Turing

o Thue: xavéves enaveyypaphs (re-writing rules)

o Post: xavovxd cuothuata (normal systems)

e Church: Aoyioude A (A-calculus)

o Curry: ouvduaonxh hoywxt (combinatory logic)

o Markov: M. aAydpiBuor

¢ Kleene: yevxd avadpouxd oyfuata (general recursive schemes)
¢ Shepherdson-Sturgis, Elgott: URM, SRM, RAM, RASP

o Yyfuata McCarthy (if ... then ... else ... = LISP)



Oesdpnua 6.2.1. f civar TM vroloyioth avy
o [ elvayr WHILE-urodoyioth
o [ elvat GOTO-urodoyioth
o [ elvar PASCAL-urodoytoth

o f elvar uepixd avadpouixy (partial recursive)



Haparrayée Mnyavdy Turing nou €youy tny e unoioyLotxy| Suvatodtn-
o, Oyt Guwe xon anodotixbdtnta (efficiency) elvar:

o ToMEC Tawiee, uvAun TAéyuatoc (grid memory), uvAun TERLOGOTERGY
OLAOTAOEWY

o uUeYaAUTERO X
® TOAAEC TOPIAANAES HEQUAES
® LT VIETEQMIVLOTIXES UeTa3doELS

o uloac xateubivoewg, anslpou uRxoug tavia

o cyypaon xur xlynon g xeQainc oe xdbe SAua



TToAuTtAOKOTNTA

M dadn (o povtépva) talivbunoy tpoflinudtey (YAwoody, auvbieny)
ot xhdoewg unopel va yivel e xptthplo To Toady Ty ayabdy (ypdvoc, Yopeoc,
enelepyAoTES, ®.0.%.) Tou yperdleton évac BéAtiotog aAybplBuoc yia va ta
emiloe (avayvoplost).



Yuviflwg uetpdue to x60Tog TNC YEWpdTERNC TepinTwong yiu eldodo peyeboug
n. 'Etol 1o xbéotog tou ahyoplBuou A(n) elvar to max tou xdoToug Tou
aryoplBuou A and dheg Tic Suvatéc etaddoug peyeboug n.

To xdotoc Cn), tdpr, evoc npoBhfuatoc m(n) sival To min(A(n)) and
6houg toug ahyoplfuoug A mou Aivouv To tedBinua T. BUVERGS YL Vo TIPOO-
Sioploouus 10 xdotog C(n) evéc mpofifuatog min) ypeialduaote éva dve
HpLo (upper bound) dnhady, Evav aryoplBuo A mou éyel ndoToc C(n) ahhd
wal éva x4t O6pro (lower bound), dniady) wa anddelln 671 To xohdTEpo
BUVATO xOOTOG UE TO TpEYov wovitho elval Cn). "Etow, m.y., 1 ypovua) toku-
mhoxotnTa Tadvounong LE ouyxploeig (6nou povicho elvan tpdypaupa Pascal,
wol LeTpdue Tov aptBud ouyxplaswv) slval O(nlogn).



Yuviifog ovopdlovue anodotixd éva ahydplBuo av o ypbvog Tou elvon mo-
huevuude (n?1)) we npog To uéyebog g sloddou. P Aéyeton 1 xhdon Tev
npoPAnudtev tou AdvovTal HE VIETEpUIVioTind ahydpibuo ot ypdvo toluwvu-
uxd. NP Aéyetan v xhdon tov npolAnudtey mou Avovtol Je U VIETERMLVL-
otxd ahyoplBuo o ypdvo noluwvupixd. Afus 6TL Evag Urn VIETEPUIVOTIXNGS
ahyoptBuog A Advel éva pdBhnua m edv undpyet ToLAAYLOTOV pLa antd TLg Su-
vaTEg exteAETELS Tou A mou Advel to . Ilpogavog woyter P C NP alAd 66
XL TRLAVTU-TIEVTE Ypovia Tapauével dhuto to tpdfinua “P # NP.".



PSPACE iéyetar 1 xAdorn TV TEoBANUdTey Tou AUVOVTOL e (VTETERUL-
VTS F un VIETEPUWVLOTIXG aAYOetOu0) ae ToAuwYLLXS Y Geo (UviuT).

Teroc NC Agyeton 1) xAdoT TV TEOBANUATWY TOU AUVOVTAL UE AAYOPHUO
nou yenowonowet toAuhoyapBuxd yedvo (log®M n) xan toluwvuuxd ap8ud
EMECELYATTOV.



Mepuxd yvwotd TpoBAAuaTe o8 QUTES TIC XAQOELS:

Yty xidon NP: 1o npbBinua (SAT) wavonomouwbtntac TOmwy g
npoTaataxic Aoyixic, To mpdBinua (TSP) tou mhavédiou TwAnth, x.T.A.

Yy xhdon PSPACE: 1o npéBinua (QBF) anotlunorng tinwy g xa-
Tyopnuatixhc (boolean) Aoyixhc, To TpdBAinua otpatnyYXhc ot dbpopa
oy vidla, X.T.A.

Yty xAdon NC: 1o npéfBinua (GAP) npbofaocne (3nhadh Unapng uo-
voTaTlol) ot £val Ypdoo G uetadl duo xéufoy.

To TpdBANUA WAVOTOLNOLUOTNTAC TUTWY TNS XATNYOPNUATIXAC AoYLxhg
elvar U1 emAUOULO AAAE XaTaypedduLo.



layleL:

NC C P € NP € PSPACE ¢ REC ¢ R.E.

[apatnenon:
REC = recursive = decidable
R.E. = recursively enumerable = listable



Tacivéounon TTpopAnudTwy

OAA TA NMPOBAHMATA

YNOAOTIZTA

MPOZITA (E®PIKTQZ YIMOAOTIIZTA

NMAPAAAHAOINOIHZIMA



13318592

O(n?)

Divide and Conquer

A B I A

19 84 o7 13

AT = 19x067/ =

AA+BIT' = (A+B) (I'tA) —AT'-BA =

BA = 84x13 =
O(n159)

13318592




ACUUTITWTIKA ZUUTTEPIPOPA

logn n n? 2"
3.322 10 100 1024
6.644 100 10000 1267650600228229401496703205376

9.966 1000 1000000 ((1267650600228229401496703205376)1°



AVAOPOUIKEC 2 XETEIC

» T(n) = T(n/2) + ¢ O(logn)
(Binary Search)

- T(n)=2T(n/2) + ¢ O(n)
(EUpeon peyioTou)

- T(n) = 2T(n/2) + ¢n O(n logn)
(Mergesort)



Oéon 2eipiakwyv YToAoyiopwy
(Sequential Computation Thesis)

OAa ta «AoyiIKd» UTTOAOYIOTIKA LIOVTEAQ
Eival mToAVWVULIIKA OUOXETIOUEVA WE
7TOOC THV Amro0OoTIKOTHTA TOUC.



©éon TTapdAAnAwv YToAoyiopwy
(Parallel Computation Thesis)

O Xpovoc¢ mov anaiTeital o€ mapdAAnAo
UTTOAOYIOLIO Eival TTOAUWVULIIKA
OUOXETIOUEVOCS LIE TOV XWPO TToU amaiTeiTal
OE OEI0IAKO UTTOAOYIOLIO.
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